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Abstract

An interesting problem in group decision analysis is how many different agreements can occur, or conversely dis-
agreements may exist, between two or more different rankings of a set of alternatives. In this paper it is assumed that
a reference ranking has been established for the set of alternatives. This reference ranking may represent the ranking of

a high authority decision maker or be just a virtual rankin
rankings. Then, the problem examined here is to evaluate
the number of agreements with some reference ranking. T
trivial and moreover, its simple context conceals comple
evaluation of the number of possible agreements in ran

g to be used in determining the discrepancy between pairs of
the number of possible rankings when the ranking method is
he analysis presented here illustrates that this problem is not
Xity in its depth. The purpose of this paper is to provide an
kings given to a set of concepts, alternatives or ideas, by two

or more decision makers. The number of possible agreements takes on the values 0,1,2,...,n—2,ornwhenn concepts

are compared. This paper develops a recursive closed form fo

bers of agreements. © 1998 Elsevier Science B.V.

rmula for calculating the frequencies for the various num-
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1. Introduction

There are many methods for determining the
ranking of a set of alternatives in terms of a set
of decision criteria. An overview of some widely
used multi-criteria decision making (MCDM)
methods is given by Chen and Hwang [1]. These

* Corresponding author.
Fax: +1 504 388 5990: e-mail: tetrian@Isuvm.sncc.lsu.edu;
URL: http:/fwww.imse.Isu.edu/vangelis.

methods include the analytic hierarchy process
(AHP) [2], the weighted sum model (WSM) [3],
the weighted product model (WPM) [4] and Miller
and Starr [5], and TOPSIS [1] among others. A
comparative examination of some of these
MCDM methods was done by Triantaphyllou
and Mann [6] and Lootsma [7].

There are many compelling reasons why one
may be interested in evaluating the conflicts in
different rankings. By better understanding and
quantifying these conflicts, it is easier for multi-
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ple decision makers to reach an agreement or
consensus by minimizing the required compro-
mise. Further, some methods exist for the compar-
ison of alternative rankings made on the same set
of choices by different decision makers [8]. This pa-
per is directed at the expansion of one of the meth-
ods discussed by Ray and Triantaphyllou [8].

In this paper it is assumed that there are a num-
ber of decision makers and they are interested in
ranking n alternatives or concepts. Since it is very
likely (if not certain) that they will have dis-
agreements among themselves, a natural issue that
is raised at this point is how to better understand
the magnitude of their disagreements. This under-
standing, in turn, will better facilitate the results of
the decision making process.

The importance of group decision making
(GDM) becomes evident by the realization that in
most cases decisions are made by groups as op-
posed by a single decision maker (see for instance,
[9,10]). The need to improve group decision making
has long been recognized by many researchers (e.g.,
[11,12]). For some more recent views in these issues,
the interested reader may want to consult with the
survey by Faure et al. [13]. One may argue that
the applicability of the results of this paper in a sin-
gle decision maker setting environment is limited
because the number of alternatives is usually small
(as Miller [14] stated humans can at most deal with
approximately seven concepts at a given time).
Thus, the main domain of applicability is GDM
as opposed to a single decision maker environment.

This paper demonstrates that two rankings may
have a number of disagreements which can occur
according to certain frequencies, that is, some num-
bers of disagreements may be rarer than others. By
understanding this issue in depth, the decision
makers can have the opportunity to better compre-
hend the magnitude of their disagreements (or,
equivalently, their agreements). Furthermore, it is
assumed that the disagreements are all of equal im-
portance. For instance, disagreeing on the top two
concepts, has the same significance as disagreeing
on the last two bottom concepts. This simplifica-
tion can be dealt with in future research.

The problem examined in this paper is formally
described as follows: Suppose that a given set of
n alternatives, denoted as 4,,4,,4;,... ,A,, are

ranked differently by some decision makers. In this
paper the terms alternatives, concepts, items or en-
tities will be used interchangeably to denote the
same concept. Moreover, some reference ranking
is assumed. This reference ranking might be a target
ranking, the ranking of the decision maker with the
highest authority, or just a hypothetical ranking.
Then, the central question examined here is: How
many possible rankings exist and of these possibilities
how many deliver the same number of agreements
with respect to some reference ranking? The follow-
ing definition will be used extensively in this paper.

Definition 1. A ranking is defined as an ordering on
the set of alternatives.

For simplicity of the presentation style, we will
use only the.indexes to denote a specific ranking,.
For instance, if we deal with the four alternatives
(or concepts) Ay, 45, A3, A4, then one possible rank-
ing is: (2,3,4,1), that is, alternative 4, is the most
preferred alternative, alternative A4; is the next
most preferred one, and so on and so forth.

Suppose that (i, i, i3,...,i,) and U1:J2,J3, - -+,
Jn) are two possible rankings of n alternatives or
concepts. That is, a ranking is an n-tuple of inte-
gers between 1 and n (with no two elements being
identical). Section 2 introduces the terminology
used in this paper. After the pertinent terminology
is introduced, the general problem is discussed in
Section 3. Section 4 discusses the main conclusions
and findings of this paper.

2. Terminology

The following definitions were first introduced
by Ray and Triantaphyllou [8] and are provided
here for the purpose of clarification of any possible
misunderstanding.

Definition 2. Rank: Is the position given to a spe-
cific alternative or concept within a given ranking.

Definition 3. Agreement: This state is a harmony of
opinion that occurs when two different decision
makers conclude that a given concept is of a spec-
ified rank.
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If there are n concepts to be ranked, then the
rank is an integer number between 1 and n. Rank
of 1 is assumed to be the highest, while rank of # is
considered to be the lowest. Moreover, it is as-
sumed that no two concepts can have the same
rank.

Definition 4 Conflict: The situation existing when
decision makers fail to agree upon two or more
concepts.

Generally, we are considering rankings of a set
of ideas or concepts in some order, normally from
the most important to the least important. For in-
stance, for a 5-tuple of concepts designated by
Ay, A>, A3, A4 and As, one possible ranking would
be (note that for simplicity we use only the index-
es): (5,1,4,2,3). This ranking really has no signif-
icance singly other than to say that it is the way a
specific individual decision maker ranked the im-
portance of the set in that particular manner.
When the same set is ranked by a second individ-
ual, the ranking might be: (3,4,1,5,2).

Next, consideration must be given to the fact
that the two people have different opinions with re-
gard to the importance of the concepts contained
within the set {4, 42, A3, A4, As}. These differences
of opinions are termed as conflicts (Definition 4).

The main concept of the undertaken analysis is
best illustrated via some simple cases. Namely,
when the number of entities is equal to 1, 2, 3,
and 4. First consideration is for the trite case of
a l-tuple. In this case there can be no dis-
agreement. Obviously, there is only one possibility.
This is summarized as follows:

Number of agreements Frequency
Analysis for a 1-tuple
(i.e., 1 ranking)

1 1

0 0

Total 1

For the 2-tuple case only two positions are in-
volved and there is either total agreement or total
disagreement. The 2 (= 2!) possible rankings of
the 2-tuple are: (1,2) and (2,1). Obviously, regard-
less of which one is the reference ranking, there are
either two agreements or none (i.e., a single agree-

ment cannot occur as it will be explained later).
This is summarized as follows:

Number of agreements Frequency
Analysis for a 2-tuple
(i.e., 2 rankings)

2 1

1 0

0 1

Total 2

Without loss of generality it can be assumed
that the correct, or reference, ranking is: (1,2,3).
All possible rankings of a 3-tuple are: (1,2,3),
(1,3,2), (2,1,3), (2,3,1), (3,1,2) and (3,2,1). Thus,
the numbers of agreements with the reference
ranking are 3,1,1,0,0, 1, respectively, for the six
previous rankings. The total frequency of occur-
rences for the possible values of agreements are
then 1 occurrence for 3 agreements, 0 for 2 agree-
ments, 2 for 1 agreement and 3 for 1 agreement.
The total number of outcomes sums to 6 (= 3!)
which is the number of all possible rankings as
summarized below.

Number of agreements Frequency
Analysis for a 3-tuple (i.e., 6 rankings)

3 1

2 0

1 3

0 2

Total 6

Similarly as above, for the 4-tuple there are 24
(= 4!) possible rankings. The following is an ex-
haustive enumeration of those possibilities:

(1,2,3,4) (1,2,4,3) (1,3,2,4) (1,3,4,2)
(2,1,3,4) (2,1,4,3) (2,3,1,4) (2,3,4,1)
(3,1,2,4) (3,1,4,2) (3,2,1,4) (3,2,4)1)
(4,1,2,3) (4,1,3,2) (4,2,1,3) (4,2,3,1)
(1,4,2,3) (1,4,3,2)
(2,4,1,3) (2,4,3,1)
(3,4,1,2) (3,4,2,1)
(4,3,1,2) (4,3,2,1)

The minimum number of agreements with a ref-
erence ranking (say, ranking (1,2,3,4)) is zero and
the maximum number is 4 as summarized below.
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Number of agreements Frequency
For a 4-tuple (i.e., 24 rankings)

4 1

3 0

2 6

1 8

0 9

Total 24

The above illustrative examples provide the
motivation for generalizing when the number of
entities to be compared is n, where 7 is some pos-
itive integer number. This is done in Section 3.

3. Generalization for any number of concepts n

The following corollary states a simple, but
nevertheless fundamental, property on the number
of agreements when » concepts are compared.

Corollary 1. The minimum number of disagreements
between any two rankings can never be equal to 1.

Proof. To see why this is true consider two rank-
ings, say R1 = (il,iz, i3, ey i,,) and R2 = (jl,jz,
J3s---,Jn), Where i, and j, (for y =1,2,3,...,n)
are numbers between 1 and n. Then, if the two
rankings disagree in the Kth position (r > K
1), the implication is that ix # jx. Therefore,
they will also have to disagree in the Lth position
where the Lth element in ranking Ry is equal to
Jk (.e., iy = jg). Thus, there can never be just a
single disagreement alone. For instance, if the
two rankings are defined as: R; = (1,2,3,4,5,6)
and R, =(1,2,5,6,3,4), then K =3, ix =3,
jK:5,L:5,iL:5,andjL:3. |

Definitions 5 and 6 play a fundamental role in
this generalization and are stated below.

Definition 5. Let £ (for i =0,1,2,...,n) be the
number of occurrences, that is the frequency, of
having i agreements with the reference ranking
when » entities are ranked.

Definition 6. Let & (for i =0,1,2,...,n) be the
adjusted frequency of having i agreements with the
reference ranking when » entities are ranked and

any one of them is replaced by an item which is
not present in the reference ranking.

As an illustration of the frequency and adjusted
frequency concepts consider the case of ranking
three entities. Then as it was 111ustrated in Section 2,
the following relatlons are true: f =2, fl<3) =3,
f2 =0, andf3 = 1. Moreover, the following re-
lations are true for the case of the correspondlng ad-
Justed frequencies: cb =3, <15 =2, d> _1 and
dig ) = 0. The latter numerlcal results can be eas11y
confirmed with a simple exhaustlve enumeration
similar to the case of the f frequencies. This
new type of adjusted frequencies QD(" is critical (as
it will be shown next) in recurswely determlmng
the values of the original frequencies j . This is
best summarized in Lemma 1 as follows.

Lemma 1. The frequency fi(") of having i agreements
with the reference ranking when n items are
compared can be expressed as a function of the

frequency fi("‘ ) and the adjusted frequency QDE"*”

as follows:
1 if i=n,
0 ifi=n—1,
) _ f.@—}- n—1)x oY ori=n-—2,
i i—1 i
n-3,...,2,1,
(n—1)x o if i=0.

(1)

Proof. The relation f,f") = 1 is true because there is
only one ranking (i.e., the one identical to the ref-
erence ranking) which has n agreements with the
reference ranking. The second relation (i.e.,
fn(f)l = 0) is true because, according to Corollary 1,
it is impossible to have only a single disagreement
(or equivalently, n — 1 agreements).

To help validate the third relation of (1) con-
sider a simple illustrative example, say when
n =4. All possible rankings for n = 4 are given
earlier in Section 2. Out of these 24 (= 4!) rank-
ings, six of them can be viewed as derived from
the 6 (= 3!} rankings when three concepts are con-
sidered with the last rank being always equdl to 4.
The six previous rankings have frequencies f for
i=0,1,2,3. Therefore, in the general case, these
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rankings account for the f ) term in the third re-
lation of (1).

Next, it can be observed that the remaining 18
(= 4! — 3! = 24 — 6) rankings can be viewed as de-
rived from three groups of rankings comprised of
six rankings each. Each one of these rankings
can be viewed as derived from the rankings when
four concepts are ranked of which always one of
them is equal to 4 and the rank of the last concept
is equal to either 1, 2, or 3. Thus, each such group
of rankings corresponds to the d>< adjusted fre-
quencies for i = 1,2,3. At this point, for this par-
ticular illustrative example, the number of the
groups in which the last rank is equal to either 1,
2, or 4, is equal to 3 (=4 — 1). Therefore, in the
general case when »n concepts are compared, the
rest of the n! — n rankings can be viewed as derived
from the rankings when n — 1 concepts are consid-
ered, of which any one of them is equal to », aug-
mented by the last rank which is equal to
1,2,3,. — 1, that is, the second term in the
r1ght hand s1de of the th1rd relation of (1) must
be equal to (n — 1) x 45( ). The above two terms
are valid fori=1,2,3,...,n - 2.

Finally, the fourth (i.e., the last) case of rela-
tions (1) is true because when i =0, then only
the second term of the right-hand side of the third
case remains valid. Thus, the truth of all cases in
relations (1) is proved. [

Lemma 2 prov1des the recursive relations for
calculating the (D ) values.

Lemma 2. The adjusted frequency QDE") of having i
agreements with the reference ranking when n items
are considered, can be determined recursively as fol-
lows:

if i=n,
1 ifi=n—1,
o _ P < i+ 1)
L —fi(")xi)/n fori=n-—1,
n—2,...,2,1,0,
1+ (7 ) if i=0

(2)

Proof. It can be easily observed that when a single
item (or entity) from the list of » items is discarded,

then the number of rankings with i/ agreements
with the reference ranking will change as a result
of two factors. First, some of the rankings which
before had i + 1 agreements, will now have i agree-
ments (i.e., they will lose one agreement as a result
of discarding the single item). Let N; denote the
number of the new rankings with i agreements.
Then, it can be easily verified that this number is
given by the following relation:

M= () x i+ 1) /n. (3a)

The above relation (3a) follows easily from the ob-
servation that since the original number of rank-
ings with i agreements is equal to f , then the
total number of such agreements is equal to the
product f +1 % (i 4+ 1). Therefore, since one item
of n is dropped, the number of new rankings with
i agreements will increase by the one-nth (i.e., 1/n)
of the previous product. Thus, relation (3a) is de-
rived.

In an analogous manner it can be proved that
the number of existing rankings with / agreements
will be reduced by the amount N,, given by relation
(3b).

Ny = (" x i)/n. (3b)

Therefore, from relations (3a) and (3b), rela-
tion (4) is derived.

" = [ LN = N,
or

" = 1 1 (f x (i 4 1) = £ x i) /n

4
2,1,0. )

fori=n—-1,n-2,...,

From the above definition of the 45,@ values it
follows that relation (5) is always true for any val-
ue of n.

oW =0, (5)

Moreover, from relation (5) the following two spe-
cial case relations (6) and (7) follow:

" = (£ xn— [ x (n—1))/n
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o =1. (6)
o = [+ (F7 x 1= £ < 0)/n
or
o — ¢lm) OS] _ ¢ (n) 7

o =Jo + U xn) ="+ (/" /n). (7)

Relation (62 is always true because from Lemma |
we have fn(fl =0, and also fn(") = . Relation (7) is
obvious. Thus, the validity of Lemma 2 is
proved. [

Lemma 1, in conjunction with Lemma 2, is next
used to calculate the frequencies of having
0,1,2,...,n agreements when » entities are com-
pared (i.e., the fi(") values) in a recursive manner.
This is best described in terms of Theorem 1.

Theorem 1. The frequency fi("> of having i agree-
ments with the reference ranking when n items are
compared can be expressed recursively as follows:

1
0

=D x £ 4 G4 1) x
(1)

(n=1)
i+l

fi(n) —

Proof. The first relations of (8) are identical to the
first two relations of (1) of Lemma 1. The third

Table 1
Number of agreements for various n values

nal of Operational Research 106 (1998} 129-136

and fourth relations are easily derived when the
oY and di(()"*l) values are substituted with their

1
equivalent expressions from Lemma 2. [

Next, Table I depicts the various fi(") values for
different n values. Table 2 presents the previous re-
sults as percentages of the total number of possible
rankings (which, of course, is equal to n!). A study
of these two tables yields some interesting insights.
One can notice the oscillation of the 0 and 1 agree-
ment values as » increases. It is also noticeable that
the percentages appear to approach a limit with in-
creasing n.

It should be clarified here that in Table 2 the en-
tries with the & symbol indicate that this entry cor-
responds to a very small decimal value. These
values can be determined as the ones in the rest
of the entries. For instance, the entry (10,5) corre-
sponds to the case in which there are » = 10 items
to be compared and the number of agreements is
equal to 6. For this case, the corresponding per-

if i=n,
ifi=n—1,

fori=n—-2n-3, ...
if i=0.

72a 15

centage is (see also Table 1) £¢=521x10"*
(=1,890/10").

Number of Number of agreements
items n
10 9 8 7 6 5 4 3 2 1 0

1 1 0
2 1 0 1
3 1 0 3 2
4 1 0 6 8 9
5 1 0 10 20 45 44
6 1 0 15 40 135 264 265
7 1 0 21 70 315 924 1 855 1854
8 1 0 28 112 630 2 464 7 420 14 832 14 833
9 1 0 36 168 1134 5544 22 260 66 744 133 497 133 496
10 1 0 45 240 1850 11088 55 650 222 480 667 485 1334960 1334961
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Table 2.

Number of agreements for various n values as percentages of all possibilities

135

Number of Number of Agreements
items n
10 9 8 7 6 5 4 3 2 1 0
1 1 0
2 0.5 0 0.5
3 0.1667 0 0.5 0.333333
4 0.0417 0 0.25 0.333333 0.375
S 0.0083 0 0.0833 0.1667 0.375 0.366667
6 € 0 0.0208 0.0556 0.1875 0.366667 0.368056
7 € 0 0.0042 0.0139 0.0625 0.1833 0.368056 0.367857
8 € 0 € 0.0028 0.0156 0.0611 0.1840 0.367857 0.367882
9 € € € 0.0031 0.0153 0.0613 0.1839 0.367882 0.367879
10 € 0 € € € 0.0031 0.0153 0.0613 0.1839 0.367879 0.367879

4. Concluding remarks

When more than one decision maker is in-
volved in ranking a set of n alternatives or con-
cepts, it is unlikely, if not impossible, that all of
them will agree in all rankings. Thus, an inherited
issue is to enhance their understanding of the im-
plications of their differences as much as possible.
For instance, suppose that five alternatives or con-
cepts (i.e., when n = 5) are considered and two de-
cision makers have ranked them as (2,3,1,4,5)
and (2,5,3,4,1), respectively. Therefore, the num-
ber of their agreements is equal to 2.

From Table 1 it can be seen that the total num-
ber of rankings which have two agreements with
some reference ranking (in this case with the rank-
ing of the first or the second decision maker) is
equal to 20. Since the total number of all possible
rankings is equal to 120 (i.e., 5!), this represents
16.67% of all possibilities (see also Table 2). If the
number of agreements was equal to 3, then the pre-
vious two numbers would be 10 and 8.33% , respec-
tively. It is also obvious that if the two decision
makers try to compromise more, then the number
of agreements may change to 5 (i.e., reach absolute
agreement) and never to be equal to 4 (i.e,, n — 1).

These numerical results are not obvious to the
decision makers. However, they illuminate another
dimension of the group decision making process.
Thus, they can be used to better guide the various
decision makers to better understand the size of
their differences and the impact of increasing or re-
ducing the number of their agreements.

The main contribution of this paper is best
summarized in Theorem 1 and some numerical re-
sults are provided in Tables 1 and 2. Future re-
search efforts in this exciting subject could focus
on generalizing the concept of agreement when
one wishes to somehow prioritize the importance
of agreeing in the top alternatives vs. when agree-
ing on the bottom (and thus less critical) alterna-
tives.

Acknowledgement

The authors are thankful to the two anony-
mous referees whose comments significantly con-
tributed in improving the presentation of this

paper.

References

[1] S.-J. Chen, C.-L. Hwang, Fuzzy multiple attribute decision
making, Lecture Notes in Economics and Mathematical
Systems, No. 375, Springer, New York, 1992.

{2] T.L. Saaty, Fundamentals of Decision Making and Prior-
ity Theory with the AHP, RWS Publications, Pittsburgh,
PA, 1994.

[3] P.C. Fishburn, Additive Utilities with Incomplete Product
Set: Applications to Priorities and Assignments, ORSA,
Baltimore, MD, 1967.

[4] P.W. Bridgman, Dimensional Analysis, Yale Univ. Press,
New Haven, CT, 1922.

[5] D.W. Miller, M.K. Starr, Executive Decisions and Oper-
ations Research, Prentice-Hall, Englewood Cliffs, NJ,
1969.



136 T.G. Ray, E. Triantaphylliou | European Journal of Operational Research 106 (1998) 129-136

[6] E. Triantaphyllou, S.H. Mann, An examination of the

effectiveness of multi-dimensional decision-making meth-

ods: A decision-making paradox, International Journal of

Decision Support Systems 5 (1989) 303-312.

F.A. Lootsma, The French and the American school in

multi-criteria decision analysis, Recherche Operationnele /

Operations Research 24 (3) (1990) 263-285.

T. Ray, E. Triantaphyllou, Procedures for the evaluation

of conflicts in rankings of alternatives, Computers and

Industrial Engineering (1997, in press).

91 JLF. George, A.R. Dennis, J.F. Nunamaker, An
experimental investigation of facilitation in an EMS
decision room, Group Decision and Negotiation 1 (1992)
57-70.

[7

—

8

—

[10] J.R. Hackman, R.E. Kaplan, Interventions into group
process: An approach to improving the effectiveness of
groups, Decision Sciences 5 (1974) 459-480.

[11] G. DeSanctis, R.B. Gallupe, A foundation for the study of
group decision support systems, Management Science
33 (S5) (1987) 589-609.

[12] M. Shaw, Group Dynamics: The Psychology of Small
Group Behavior, third edition, McGraw-Hill, New York,
1981.

[13] G.O. Faure, V. LeDong, M.F. Shakun, Social-emotional
aspects of negotiation, European Journal of Operational
Research 46 (2) (1990) 177-180.

[14] G.A. Miller, The magical number seven plus or minus two:
Some limits on our capacity for processing information,
Psychological Review 63 (1956) 81-97.

1 uimey



