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This paper addresses the problem of completely reconstructing deterministic monotone
boolean functions via membership queries. The minimum average query complexity is
guaranteed via recursion, where partially ordered sets (posets) make up the overlapping
subproblems. Theoptimality conditionsfor all the4,688 posetsgener ated for theproblem with
up to 5 variables are summarized in the form of an evaluative criterion. The evaluative
criterion extends the computational feasibility up to problems involving about 20 variables.
A framework for unbiased aver age case comparison of monotone boolean function inference
algorithmsis developed using unequal probability sampling. Empirical results show that an
implementation of the subroutine considered as a standard in the literature performs more
than twice as many queriesthan the evaluative criterion on the average for 8 variables, and
thegap increaseswith thenumber of variables. 1t should also benoted that thefirst algorithm
ever designed for this problem performed consistently within 2% of the evaluative criterion,

and consequently prevails, by far, asthe most efficient of the many preexisting algorithms.

Situations where a set of binary variables have a non-negative (i.e., monotone) relationship with a
phenomenon, are inherently frequent. For example, if a personal computer tends to crash when it
runs a particular word processor and web browser smultaneoudly, it will probably crash if, in
addition, it boots up its cd player. In practice, a great dea of effort is put into learning and

understanding these monotone relationships. Softwareistested, diseases are researched, and so on.



Due to the underlying monotonicity, asking questions can be much more efficient than observing
cases as they present themselves.

Monotone boolean functions lay the ground for a simple question-asking strategy, which
forms the basis of this paper. More specifically, monotone boolean functions are reconstructed by
successiveand systematic function evaluations. Initially, theentire set of 2" bool ean vectors, denoted
by {0,1}", isconsdered unclassified. A vector isthen selected from the set of unclassified vectors
and is submitted to an oracle as a membership query (or function evaluation). After the vector’s
function valueis provided by the oracle, the set of unclassified vectorsisreduced. These queriesare
then repeated until all of the vectors are classified.

Giventhe classification of any vector in{0,1}", other vectors may be concurrently classified
if the underlying function is assumed to be monotone. Therefore, only asubset of the 2" vectors need
to be evaluated to completely reconstruct the underlying function. Thus, akey problem isto select
“promising” vectors so asto reduce the total number of queries (or query complexity). Earlier work
on monotone boolean function inference (such as Hansel (1966), Sokolov (1982), and Gainanov
(1984)) focuses on reducing the query complexity, while more recent work (like Fredman and
Khachiyan (1996), Boros et al. (1997), and Makino and Ibaraki (1997)) includes the computational
complexity.

The problem of inferring monotone boolean functions via membership queriesis equivaent
to many other computational problems in a variety of fields (see, for instance, Bioch and Ibaraki
(1995), and Eiter and Gottlob (1995)). As a result, a solution to the inference problem, which is
efficient in terms of query and computational complexity, can be used to solve other problems
efficiently in terms of computational complexity. In practice however, queries often involve some
sort of effort, such as consulting with experts or performing experiments, and therefore far surpass
computations in terms of cost. Therefore, this paper isfocused on minimizing the query complexity
aslong asit is computationally feasible.

Some background on monotone boolean functions is provided in section 1, before the
proposed objective is defined in section 2. An inference approach that is guaranteed to be optimal,
isalso obtained in section 2, after which the optimality conditions are summarized using an evaluative

criterion. Section 3 describes an unequal probability sampling framework for generating monotone



boolean functions and comparing different inference al gorithms on the proposed inference objective.
This framework is then used in section 4 to provide an extensive unbiased empirical comparison of
existing inference algorithms and the evaluative criterion. In the end, section 5 provides some

concluding remarks.

1. SomeKey Propertiesof Monotone Boolean Functions

Let {0,1}" denote the set of boolean vectors defined on n boolean variables. A boolean function
defined on { 0,1} "issimply amappingto{0,1}. A vector v e {0,1} "issaid to precede another vector
w e {0,1}", denoted by v <w, if and only if (iff) v <w fori=1, 2, ..., n, where v, (w) denotes the
i-th element of vector v (w). Similarly, a vector v € {0,1}" is said to succeed another vector w €
{0,1}"iff v, >w fori=1, 2, ..., n. If avector v either precedes or succeeds w, they are said to be
related. A monotone boolean function f is called non-decreasing, iff f(v) < f(w) vV (v, w): v < w, and
non-increasing, iff f(v) > f(w) v (v, w): v < w. Thispaper focuses on non-decreasing functions, which

are referred to as monotone, as similar results hold for non-increasing functions.

Tablel. History of monotone boolean function enumeration forn= 1,2, ..., 8.

@(1) = 3, 3(2) = 6, B(3) = 20

d(4) = 168 by Dedekind (1897)
@(5) = 7,581 by Church (1940)
@(6) = 7,828,354 by Ward (1946)
@(7) = 2,414,682,040,998 by Church (1965)

@(8) = 56,130,437,228,687,557,907,788 by Wiedeman (1991)

The number of distinct monotone boolean functions defined on {0,1}" is denoted by @(n).
All known vaues of @(n) aregivenin Tablel. Wiedeman (1991) employed a Cray-2 processor for
200 hoursto compute the value for n equal to 8. Thisgivesaflavor of the complexity of computing
the exact number of monotone boolean functions. For larger values of n the best known asymptotic,
is due to Korshunov (1977):
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An ordered set of related vectors v' < V2 < ...< vP is sometimes called a chain, while an
antichain (or layer) consists of a set of unrelated vectors. When a set of vectorsis partitioned into
asfew layersaspossible, alayer partition isformed. For a particular layer partition, the layers can
be ordered as L, L?, ..., L" so that avector v' € L ' cannot succeed another vector vi e L!if i <j.
Thelayer partition for the set { 0,1} "isunique, whileitschain partitionisnot unique. Infact, theway
one partitions {0,1}" into chains can be used effectively in the inference of monotone boolean
functions, as in the symmetric chain partition used by Hansel(1966) and Sokolov(1982).

ll

n
o

L

Figure 1. The poset formed by {0,1}* and the < relation.

Figure 1 shows a sample partially ordered set (or poset for short). In general, posets can be
formed by aset of vectorstogether with the precedencerelation <. Posets can be viewed asdirected
graphs where each vertex corresponds to a vector and a directed edge from vertex v to vertex w,
represents the precedence relation v < w. When drawing a poset, the edge directions are often
omitted sincethegraphisacyclic and so all of the directions can beforced either up or down the page
by ordering the vertices by layers. For the purpose of reducing storage and simplifying the
visualization of posets, redundant relations, i.e., onesthat are transitively implied by other relations,
are also omitted, asin Figure 1.

Two posets, P and P ?, are said to beisomorphic if there exists aone-to-one mapping of the
vectorsin P * to the vectorsin P 2, where the precedence relations are preserved. That is, if V! - \?
and W' -~ W2, where v, w' € P tand v?, w? € P2 then V! < whiff v < w2, Thedual of aposet P isthe
poset P? resulting from reversing all of the precedence relationsin P. All asymmetric posets have a
dual poset that is not isomorphic to itself. A poset P iscaled connected if for any pair of vectorsv
andwin P, either v and w are directly related to each other, or there exists a sequence of vectors V',
Vi ...,V in P for which al the pairs (v, V), (V}, V), ...,(V" ,w) are related.



A vector V' is called alower unit of afunctionf, if f (v) <f (V) Vv.vzV andv = V.
Similarly, avector v iscaled an upper zeroiff (v) >f(V)Vv:v=Vv andv = V. Lower unitsand
upper zeros are also referred to as border vectors. For any monotone boolean function f, the set of
lower units and the set of upper zeros are unique, and either one of these two sets uniquely identifies
f. Let m( f) bethe number of border vectors associated with f. I1tiswell known (e.g., Engel (1997))
that m( f) achievesits maximum valuefor the function(s) that hasall its border vectors on two of the

most populous layers of {0,1}". That is, the following equation holds:

e = () () ’

where M,, denotes the set of all monotone boolean functions defined on {0,1}" . Since the borders
of any monotone boolean function f are the only vectors that require evaluations in order to
completely reconstruct the function, the value of m( f ) works as a lower bound on the number of
gueries. As aresult, the right hand side of equation (2) gives aflavor of the number of queries that

may be required.

2. Inference Objective and Solution

An inference agorithm that performs fewer queries than another algorithm when reconstructing a
particular monotone boolean function is considered more efficient on that particular function.
However, it has not been clear how to compare algorithms on the entire class of monotone boolean
functionsdefined on{ 0,1} ". Theexisting algorithms(e.g., Hansel (1966), Sokolov (1982), Gainanov
(1984)) focus on their upper bounds. Unfortunately, the worst case scenario reflects the algorithm
performance on a few select functions and does not reflect what to expect when executing the
algorithm on an arbitrary monotone boolean function. The agorithmsthat implement the subroutine
describedin Gainanov (1984), and also used in Valiant (1984), Makino and I baraki (1995), and Boros
et a. (1997), for example, indirectly suggest minimizing the upper bound on the number of
evaluations per border vector. As aresult, these algorithms greatly favor the smplest functions

(which may only have a single border vector), over the complex functions (with up

to (LH?Z J) + (Lﬂlgjﬂ) border vectors).



2.1 The Proposed I nference Objective

With no prior knowledge (other than monotonicity) about the inference application, each function
isequally likely to be encountered and should therefore carry the same weight in the objective. Let
¢(A, T ) denote the fixed number of queries performed by agorithm A, in reconstructing the
monotone boolean functionf. The objectivein thispaper isto minimizethe average number of queries
over the entire class of monotone boolean functions defined on {0,1}". This can be expressed

mathematically as follows:
Z oA ) (3)
. feM
Q*(n) = mn —————.
A a(n)
Before the solution strategy is developed, a generalized version of problem (3) is described
and solved in section 2.2 viarecursion. In section 2.3, this recursive solution methodology is then
used as a model for solving problem (3) but with an improved efficiency due to overlapping

subproblems.

2.2 Minimizing the Average I nference Cost

In some applications the cost of inferring a particular monotone function depends on the vectors
evaluated, aswell asthe order in which they were evaluated. Asan example, consider searching for
articles (among a set of a articles) containing as many of a specific set of keywords{k,, k,, ..., k} as
possible. For the sake of smplicity, assume that searching for p keywordsin asingle article incurs
acost of p unitsand that this cost is additive for severa article searches. Supposeyou find b articles
containing keywords k; and k; (i.e., query (10100...0)). Then searching for articles containing
keywordsk,, k, and k;, (i.e., query (11100....0)) among the b articles found from query (10100...0)
is easer than searching al of the a articles over again. Thus, the total cost for evaluating vector
(10100...0) followed by (11100...0) is2a + 3b. If, onthe other hand, the query order isreversed, and
the query (11100....0) does not result in any articles, then al the a articles have to be searched again
for query (10100...0). Now thetotal cost for evaluating vectors <(11100...0), (10100...0)> is5a (=
2a + 3a), which is greater than the cost 2a + 3b of the queries <(10100...0), (11100...0)>, even
though the conclusion is potentially the same, i.e.,, that f(10100...0) = O (article(s) found) and
f(11100...0) = 1 (no articles found).



To describe this genera cost situation, let C(A, f) be the cost incurred by algorithm A in
inferring the function f € M,. An objective that gives equal weight to each monotone boolean

function can be written as:

Y CA )

C*(n) = min M
A a(n)

(4)

Objective (4) is equivalent to the intuitive notion of minimizing the average inference cost.
Furthermore, objective (4), whichinvolvesarbitrary costs, generalizesobjective(3), which considers
the queries themselves as the cost unit.

Thetreein Figure 2 illustrates an approach for solving problem (4) for n=2. Thisapproach
is especialy useful when the query costs depend on the vectors evaluated, as well as the order in
which they were evaluated. The tree shows all possible ordered sequences of vector selections.
Starting at the root, with the 4 unclassified vectors (00), (01), (10) and (11), and ending at one of the
leafs, with the empty set {}, a path denotes a specific ordered sequence of vector selections
performed for aparticular function. Thetopmost path, for example, corresponds to the sequence of
gueries <(11), (10), (01), (00)>, performed in inferring the uniform ONE function. On each path
there are two types of nodes; one that corresponds to a set of unclassified vectors, and one that
corresponds to a vector choice. For a node corresponding to a set of unclassified vectors, the out
branches represent the possible vector choices. For a node (corresponding to a vector choice), the
upward and downward branches represent the two possible function values, 0 and 1, respectively.
The resulting tree contains 76 leafs, for the smple problem consisting of only 4 vectors.

A specific instance of problem (4) for n = 2, associates a cost with each leaf in this tree, say
C;, G, -.., C,e, Where ¢; corresponds to the cost of the i-th leaf from the top. To find the optimal
choice for each node corresponding to a set of unclassified vectors, the minimum costs can be
accumulated by backtracking from the leafs. Asan example, consider the set { 01,00} obtained after
guerying vectors (11) and (10) on the topmost path of thetreein Figure 2. If vector (01) is queried
next, the costs c,, c,, ¢, associated with the three topmost leafs will be used in objective (4). If
instead the vector (00) is queried next, the costs c,, C., C; associated with the next three leafs, will be
used in the place of c,, C,, c; inthe objective. Therefore, vector (01) should be selected if ¢, + C, +

C; < C, + C5 + Gy, Otherwise (00) should be selected. If the sum of the costs are equal, either one of
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Figure 2. The exhaustive vector selection tree for {0,1}2.
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the vectors can be selected in order to minimize the total cost. Once the minimum cost is found for
thisnode, it becomesapart of establishing the minimum cost for nodes preceding it on the path. This
property is known as an optimal substructure, which can be used to compute the minimum cost for
theinitial set of vectors, in arecursive fashion, as Lemma 1 establishes.

For anode with the unclassified vectors V = { V!, V7, ..., "} corresponding to the prior vector
selections W = <w!, WA, ..., W> and their clasdfications F = <f?, f2, ..., ">, we define the cost

function as follows;

c(W,F), if |V|=0,
CWEV) ={  [N(V)C («Wvi><F,05V)) + N(V,)C (W > <F, 1>,V .
1(WFEY) min (Vo)Cy( 0_) ( l_) i ) , otherwise,
i<12...p N(Vp) + N(V;)

where
c(W, F) isthe fixed cost associated with inferring the monotone function f defined by f(w')
=f1, f(wf) =f2 ..., f(W) = f' viathe sequence of queries W,
V,' is the set of unclassified vectors of V remaining after f(V) = z has been established for i
=12, ..,pandz=0, 1, and

N(V) is the number of monotone boolean functions defined on V.

Lemma 1. The recursive function C,(< >,< > ,{0,1}") yields the minimum average inference cost
C'(n).

Proof:

The correctness of Lemma 1 follows by the construction of the function C,(W, F, V). Theindividua
costs that make up the cost function C’(n) are recursively accumulated by selecting the set of costs
that achieve the smallest average. [

2.3 Minimizing the Average Number of Queries

To guarantee the minimum average inference cost, the entire vector selection tree hasto be traversed
inorder to accumulate the costs via backtracking. However, objective (3) possesses two properties
that can be used to reduce this computationa burden. The first apparent property is that thereisa

fixed query cost c,(v) associated with the evaluation of each vector v € V. That is, the cost of

9



evaluating a particular vector does not affect the cost of evaluating any of the other vectors. The
total cost associated with a sequence of vector evaluations is then simply the sum of the individua
costs sinceit isindependent of the order of the vector evaluations. Asaresult, the cost of evaluating

aparticular set of vectorsisfixed, and can be written asarecursive function asfollowsin Lemma2:

For a node with the unclassified vectors V = {V!, \?, ..., W/}, we define the cost function as
follows:
0, if [V|=0,
CMV) =1 o INOVOCV) = €)= NCVAN(CLV:) + co(v))
NVG) + NQVS)
where cq(v‘) is the cost incurred from evaluating vector V.

, otherwise.

Lemma 2. Therecursivefunction C,({0,1}") yieldsthe minimumaverageinference cost C'(n) when
the cost of the queries are independent and are given by the vector query costs c,(v).

Proof:

Suppose the cost of queries are given by cq(v‘) fori=1,2, .. p. Thatis, thecost of evaluating a
particular sequence of vectors does not depend on the order in which they were queried. That is, the
fixed cost function c(<w!, w#, ... wWP>, F) equals c,(W') + ¢ (W) + ...+ c,(WP). Asaresult, C,(V) equals
C,(<>, <>, V). From Lemma 1 C,(<>, <>, {0,1}") equas C'(n).

Lemma 2 provides a way to compute the minimum average query cost in a more efficient
manner than Lemma 1. In particular, branches out of nodes corresponding to unclassified vector
subsetsarerequired only for unique vector subsets. Asan example, consider the node corresponding
to the set {10,01} which appears twice in the tree in Figure 2. Suppose its associated parameters
(i.e., the minimum average query cost C,({ 10,01} ) and the number of monotone boolean functions
N({10,01})) are stored once they are computed at one of the two nodes. Then the other node can
be bound, avoiding repetitive branching. A further bounding improvement based on the property of

independent query costsis given next in Lemma 3.

Lemma 3. Supposethat a set V of vectors consists of a set of mutually unrelated subsets{V *, V

10



2 ...,V P} If the query costs are independent, then the following equations hold:

N(V) = N(VIHN(V?) ...N(V°)
and

Cy(V) = C(VY) + C,(V?) + ... + C,(\W).
Proof:
For any monotone boolean function f defined on V, fixing the value of f(') for V' ¢ V' does not
restrict the value of f(w) forwe W={V?' Vv? .. V2V ™  V}. Thais, for each distinct
monotone boolean function defined on V ', there are N(W) distinct monotone boolean functions
defined on V. Therefore, the number of monotone boolean functions defined on V is N(W)N(V ).
By further reducing W in a similar manner for the other unrelated subsets, this expression can be
reduced to N(V)N(V?) ...N(\).

Suppose that optimal vectorsare selected from subset V' until they areal classified, incurring
aminimum cost of C,(V'). Since vectors from V' cannot concurrently classify any of the vectors
belongingto W={V % Vv?2 . Vv VI dl of the vectors in W are still unclassified.
Therefore, the total average cost for V is accumulated by C,(V') + C,(W). The average cost of the
set of vectors W can be further reduced to C,(V*) + C,(V?) + ... + Cy(W). [

Asaresult of Lemma 3, the computations can be distributed in aparallel fashion to unrelated
vector subsets since the parameters of any vector set can be computed independently from its
connected subsets.

A second apparent property of problem (3) is that the vector query costs are equal for all
vectors. That is, c(v) = cV v e V. Thisfact leads to Lemma 4, which provides even more general

bounding rules.

Lemma 4. Suppose an isomor phic poset mapping, (V*, <) - (V?, <), isgiven where v* is mapped
to V2. If V' is selected fromset V' (for i = 1, 2), let the two possible remaining vector subsets be
denoted by V,, for z= 0 and 1. If the query costs are equal and independent for all vectors, then
the following equations hold:

N(Vo) = N(V), N(V,Y) = N(V9),

and

11



C,(Vph) = Cy(V,2) and Cy(V,1 )= CL(V,).

Proof:

This lemma can be proved by induction. Asabasis of the induction consider the two isomorphic
posets: a single vector and the empty set. The parameters N(v) =2 and C,(V) =cV ve V! (or V?)
areobvioudy fixed, sincecisaconstant. For the purpose of completenessaso defineN({}) =1 and
C,({}) = 0. Now suppose two sets of vectors V* and V2 are given for which theisomorphic mapping
(V1, <)~ (V?, <) mapsVv*to V2. If Vtisselected from V2, then it resultsin apair of posets that are
isomorphic to the pair of posetsthat result from selecting v? from 2. Thus, if the equationshold true
for the resulting posets, then they aso hold true for the original posets (V*, <) and (V?, <). This

fact shows the recursive step, and compl etes the proof. [

Lemma 4 implies that a recursive look up procedure can focus on non-isomorphic posets
instead of vector subsets, asimplied by Lemma2. That is, the vector subsets used for Lemma2 are
now formed into posets using the precedence relations. Since the mapping of vector subsetsto non-
isomorphic posets is many-to-one, the storage requirement of the agorithm is reduced. Once the N
and C, values are computed for a particular poset, they can be stored. Later, when an isomorphic

poset is encountered at another node in the tree, then these values can be looked up.

Corollary 5. Suppose the poset P = (V, <) and its dual poset P = (V*, <) aregiven. If thequery
costs are equal and independent, then the following equations hold:
N(V)= N(V®) and C, (V) = C, (\9).
Proof:
The proof is the same as that of Lemma 4 where V and \V* replace the roles of vectors V! and V?,

respectively. [

Lemmas 2 through 4 and Corollary 5 form the criteria for a bounding procedure under the
assumptions of independent and equal queries. In particular, only nodes corresponding to non-
isomorphic, non-dual, connected posets, are branched upon. Figure 3 shows the resulting reduced
search tree when these bounding criteria are applied to the tree shown in Figure 2. As an example
of bounding, consider the connected poset ({ 10,01, 00}, <). Thisposet isisomorphic to the dual of

12



({11, 10, 01}, <) and therefore only one of them hasto be branched upon, asseenin Figure 3. A size
comparison of the trees in Figures 2 and 3 indicates the potentia effectiveness of these bounding

criteria.

o
{01.00}
(e}
©n (00)
01
{10,01,00} o1
{11,10,01,00} 110,00}
a (o1}
{10}
@ {01,00}
o
.01 {11,103 @
{10,01)
E o
{11,10,01}

Figure 3. The vector selection tree for { 0,1} ? restricted to connected, non-dual, non-isomorphic posets.

To simplify the implementation, the algorithm was divided into two steps as shown in Figure
4. Sincethe cost unit is queries, ¢(v) =1V v e V, theinference cost function C, is here denoted by
Q. Inthefirst step, al the non-isomorphic, non-dual, connected posets that can be encountered
during the inference process are generated and stored in library L. Thisisrealizedinlines 1 and 2 of
MINIMIZE-AVE-Q in Figure 4. In particular, the edge vertices are recursively removed from the
connected, non-isomorphic, non-dual posets, starting from {0,1}" and stopping when {} is
encountered. Here, an edge vertex of a poset, denotes avertex that has no related vertices preceding
(succeeding) it. Lemmao verifiesthat the subroutine CREATE-POSET-LIBRARY actually creates
all possible non-isomorphic, non-dual, connected posets encountered in the inference process.

In the second step, shown in lines 3 through 22 of MINIMIZE-AVE-Q, the N and Q
parameters and the set of associated optimal vectors W are computed for all of the posets stored in

library L. Since the parameters of a poset of size k (i.e., one with k vectors) can be written as a

13



R/INIMZ & n)
% griE P(%ET LI BRARY( P)
i N
5 for'i - 1 to 2"
6 for eachPeL[l]
7 for each veP
8 2!
3 Tor enth f ¢ {0, 1
or eac € ,
10 P, - REI\/D\/E-CIS\IE(P v, f)
1 y g
13 for each P,, € MAX- UNRELATED- PCSETS( P;)
14 N - N x NPy
18 RATN R (N N 1
- X + X + +
17 |Qf < (é
18 -
20 p Ve
21 P %
22 N(P) - N, + N,
CREATE- PCSET- LI BRARYSP)
1 for i - 0to
kLl] - NI
4 GH\IE TE(P)
GENERATE(P)
1 if LP|
2 EITIE = edge el enment
3 i f OG\INE Dg
4 i f NONE- | HIC(L[& 1],P)
5 LIIPIT < L[IPl]

Figure 4. An agorithm for minimizing the average number of queries.

combination of the parameters of posets of sizes strictly less than k, the posets are processed in
increasing size, starting with the empty poset which has the parametersN =1 and Q = 0.

Each time Q(P), N(P) or V(P) is called in the algorithm MINIMIZE-AVE-Q, a search is
performed for the poset inlibrary L that isisomorphicto P or itsdual. For the implementation of this
algorithm, the size k (the simplest isomorphism invariant) and an index number i, isused to uniquely
identify posetsin L. Therefore, a specific poset can be denoted by L,(i), and the updates of Q(P),
N(P) or V(P) in lines 20 through 22 of the algorithm MINIMIZE-AVE-Q can be performed in one
sweep by accessing Q,(i), N, (i) and V,(i).

There are four subroutines in Figure 4 whose details have been left out for the purpose of
brevity. The subroutine CONNECTED(P) should output TRUE if the poset P is connected and
FAL SE otherwise. The subroutine NONE-ISOMORPHIC(L, P) should output FALSE if library L
containsaposet that isisomorphicto P, and TRUE otherwise. The subroutine REMOV E-CONE(P,
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v, f) returns the poset formed by removing the vector v and the vertices that precede v if f = 0 (the
vertices that succeed v if f = 1) from P. The subroutine MAX-UNRELATED-POSETS(P) returns
the largest partition of P into a set of posets so that they are mutually unrelated.

Lemma 6. By recursively removing the edge vertices and only storing non-isomor phic, non-dual,
connected posets, all the posets observable in the inference process are generated.

Proof:

Suppose a non-edge vertex v is selected from aposet P = (V, <), and this query potentially reduces
theverticesinVto V, (if f(v) = 0), and V, (if f(v) = 1). Then, there existsapair of edge verticesv,,
v, € V, for whichv, < v=<v,. Thatis, V- v, containsV, and V - v, contains V,. Therefore, none of
the subsets obtained from fixing the function value for non-edge vertices are removed from

consideration. ]

Theorem 7. The algorithm MINIMIZE-AVE-Q(n) computes the minimum average number of
queries Q'(n).

Proof:

The correctness of MINIMIZE-AVE-Q(n) follows from Lemmas 2, 3, 4, 6 and Corollary 5 as
follows. Lemma 6 proves that al the needed connected, non-dual, non-isomorphic posets are
generated inlines 1 and 2 of MINIMIZE-AVE-Q. Lemmas 2, 3, 4 and Corollary 5 prove that these
posets are sufficient to compute the minimum average number of queries. MINIMIZE-AVE-Q is
consistent with the recursive function of Lemma 2, while taking advantage of Lemmas 3 and 4, and

Corallary 5 in computing the minimum average number of queries. [

Figure 5 shows a part of the tree that is traversed by the algorithm MINIMIZE-AVE-Q(n)
when it is executed for n equal to 3. Theroot of the tree Ly(1) denotes {0,1} 3, and in general L, (i)
denotes the i-th poset generated of sizek. To reduce the size of the tree, only one branch is shown
for vectors with the same pair of isomorphic posets, without the loss of an optimal solution. For
example, when branching on Lg(1), the vector (000) resultsin the same pair of connected, non-dual,
non-isomorphic posets as (111). Asaresult, they carry the same (N,, N,, Q,, Q,) values, and (000)

isoptimal if and only if (111) is, and by branching on only one of them, the optimal vector is not
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Figure5. Part of the tree traversed by MINIMIZE-AVE-Q(3).

removed from consideration. The samerel ation hol ds between the vectors (100), (010), (001), (110),
(101) and (011). Therefore, only one vector from each group, say (000) and (100), needs to be
branched on, as seen in Figure 5.

At afirst glance, it could seem as though this bounding criterion could further improve upon
the algorithm MINIMIZE-AVE-Q. However, determining whether two vectors result in the same
pair of isomorphic posets, iscomputationally equivalent to finding their parameters, which is exactly
what MINIMIZE-AVE-Q doesin thefirst place. Therefore, this bounding criterion isonly used to
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Figure 6. All connected, non-dual, non-isomorphic posets generated for n = 4, with optimal vertices circled.

amplify visualization of the search tree. Also, the analysisin section 2.4 requires knowing al the
optimal solutions. For that purpose, finding a single optimal solution is not sufficient.
The algorithm MINIMIZE-AVE-Q(n) generates all possible non-isomorphic, non-dual,
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connected subposets of {0,1}" and finds the corresponding optimal vertices. Figure 6 shows these
posets and their corresponding optimal verticesfor n equal to 4. For some of the posets, the optimal
choices seem to be intuitive. However, for others the optimal choices seem to be obscure. Section
2.4 addresses the issue of summarizing the optimality conditions for the posets in Figure 6 and for

some posets observed when n is greater than 4.

2.4 Summarizing Poset Optimality Conditions via an Evaluative Criterion

The total number of connected, non-dual, non-isomorphic posets generated by MINIMIZE-AVE-
Q(n) for nequa to 1, 2, ..., 5isgivenin Table Il. There are at least half as many posets as the
number of monotone boolean functionsfor nequal to 1, 2, ..., 5 (givenin Table1). The number of
posets for n equal to 6 is therefore probably of a magnitude greater than 10°, making it close to
intractable to store all of them.

TableIl. The number of posets generated by MINIMIZE-AVE-Q(n).

Poset Size n=1 n=2 n=3 n=4 n=5 ] |Potoize] N=5 |
0 1 1 1 1 1 17 476
1 1 1 1 1 1 18 373
2 1 1 1 1 1 19 262
3 1 1 1 1 20 187
4 1 2 3 3 21 120
5 2 4 4 22 82
6 2 8 8 23 48
7 1 11 18 24 33
8 1 14 40 25 18
9 13 71 26 12
10 10 130 27 6
11 6 217 28 5
12 5 338 29 2
13 2 462 30 2
14 2 577 31 1
15 1 609 32 1
16 1 576

Total 3 5 12 84 4,688

When solving problem (3) for n greater than 6, the optimal approach presented in section 2.3
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iscurrently computationally infeasible. However, the optimality conditionsfor the posets generated
for n up to and including 5 can be summarized in a smpler form than storing the posets in their
entirety. Thegoal of this section isto establish asmple summary of the poset optimality conditions
in the form of avector evauative criterion. Since an inference algorithm that tackles larger posets
will eventualy decompose into smaller posets for which optimal vectors are known, this evaluative
criterion will hopefully be close to the optimal for larger problems.

In solving problem (3) optimally for n equal to 5, many different and complex posets were
encountered. The optimal vectors of these posets seemed to display two general properties. First,
the optimal vectors seem to bein the vertical middle. More specificaly, all posetsin Figure 6 have
at least oneoptimal vector inthe most populouslayer. However, thisobservation aloneisnot enough
to pinpoint an optimal vector. The second property observed is that the optimal vectors seem also
to be horizontal end points. In particular, vectors related to only one other vector in the posets in
Figure 6 are always optimal. For posets that do not contain such a vector, vectors with few related
vectorstend to be optimal more often than otherswithin alayer. To study theideaof vertical middie
and horizontal end point, consider two specific posets, namely a chain and a sawtooth, as shown in
Figure 7. Examples of these posets can aso be seenin Figure 6. Thefirst row from the top hastwo
chain posets (1% and 2" columns from left) and five sawtooth posets (1%, 2™, 3%, 6™ and 8" column
from the left).

Chain Poset

Sawtooth Poset i

Figure 7. lllustration of the sawtooth and chain posets.
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A chainisan arbitrarily tall poset with minimum width. For a chain of height h, the number
of monotone boolean functions N(h) equals h+1, and the minimum average number of questions,
given by

> log,(h+1)
oy - QW2)(W2]-1) + Q2 v2)(2-12)+1) | = 1%

h+1 < [log,(h)] + 1,

is obtained by repeatedly selecting a middle vector. Here, Q(1) = 1 and Q(0) = 0.
A sawtoothisan arbitrarily wide poset with minimum height. Consider asawtooth poset with
widthw. The number of possible monotone boolean functions N(w) equals N(w-1) + N(w-2) and the

minimum average number of questions, given by

o) - QW-DINw-1) + QW-2INW-2) .1 _ 7535068w + 220179,
N(w-1) + N(w-2)

is obtained by invariably selecting one of the edge vectors. Here, Q(1) = 1, Q(0) =0, N(0) = 1 and
N(1) = 2. The surprising result about the sawtooth poset isthat consistently selecting the vertex next
to the edge vectors maximizesthe average number of questions. Figure 8 showsthe average number
of questions divided by w for the sawtooth poset of width w, when consistently selecting the edge
vertex (the lower curve), the middle vector (the oscillating curve), and the vertex next to the edge
vertex (the upper curve).

Now consider creating an evaluative criterion based on the ideas of vertical middie and
horizontal end points. Suppose asubset of unclassified vectors, V={V}, V2, ..., W} isgiven. Let K (V)
and K (V') be the number of vectors that are concurrently classified when f(V) = 1 and f(V) = 0,
respectively. Invariably selecting one of the vectorsthat have the minimum |K; - K| value guarantees
the minimum average number of questions for arbitrary sized sawtooth and chain posets, aswell as
for the inference problemswith n strictly lessthan 5. This can be verified by considering the subset
of posets encountered by the criterion min|K, - K| in Figure 6. Unfortunately, this criterion is not
optimal for al the posets generated for n equal to 4. It isonly optimal for the posets encountered
when using the criterion min|K; - K,|. Another drawback is that it is not optimal for the inference
problem when nis equal to 5.

It seems reasonable to attempt to classify as many vectors as possible for each question, and

the two criteriamax (K,(v) + K,(v)) and max K,(v)K,(v) are consistent with this philosophy (see
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Figure 8. Query complexity on the sawtooth poset.

Judson (1999)). However, they are extremely counterproductive and should be avoided. One of the
reasonsfor thisisthat vectorsthat are able to concurrently classify more vectors, are also morelikely
to be classified by others. As an example consider the set of vectors {0,1}*. All the vectors on the
middlelayer are optimal, as can be observed in Figure 6. However, the criterion max (K, (v) + K,(v))
selects either the (0000) or the (1111) vector, which happens to maximize the average number of
gueries, whileK,(V)K,(v) tiesthe entire set of vectors. Thisshows how intuition can lead to poor and
ambiguous choices.

Unfortunately, the two values K, and K, alone are not sufficient to construct a criterion that
isoptimal for all the posets encountered for the inference problem when nisequal to 5. Tofind a
better selection criterion the vector properties for a particular poset need to be summarized using
more than just their K, and K, values, but hopefully less than the entire poset.

Throughout this paper, it was assumed that the function should be completely reconstructed.

If, however, a limited number of queries are alotted, then the previous objective changes and

21



consequently the selection criterion should be modified. In this situation, the average number of
vectors remaining can be considered as a function of the number of queries performed. Figure 9
shows two such functions for n equal to 5; one corresponding to a greedy algorithm, the other
corresponding to an algorithm that sacrifices earlier to perform better in the end.

The greedy approach to this problem (the solid line in Figure 9) maximizes the instantaneous
reduction in the average number of remaining vectors between the vector selections. The other
algorithm (the dotted line in Figure 9) selects the vector which is the most frequent border vector
among the remaining monotone boolean functions, and draws its motivation from the fact that each
border vector eventually has to be evaluated. Rather than relying on immediate gratification, this
selection criterion tends to sacrifice early in the evaluation process for the benefit of requiring fewer
evaluations overall. In Figure 9 the greedy approach corresponds to the graph that achieves the
steepest instantaneous descent. After 6 questions, however, this approach loses its momentum and
from there on, the other algorithm achieves a greater instantaneous descent. By the time they are

both finished, the greedy algorithm comes in second.

1.0

—— Maximizing the Average Number of Concurrent Classifications
0.9 --e-- Maximizing the Fraction of Border Vectors

0.8

0.7

0.6

0.5

0.4

0.3

0.2

Average Fraction of the Number of Vectors Left

0.1

0.0

0O 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
Number of Queries Performed

Figure 9. Classification efficiency of two evaluative criteria over al functionsin Ms.
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The agorithm based on maximizing the fraction border vectors, queries on average 13.6
vectors for complete reconstruction, while the algorithm based on maximizing the average number
of concurrent classifications queries 13.9 vectors on the average. Furthermore, the evauative
criterion min|K;-K,| queries 13.7 vectors on the average. However, the criterion min|K,-K,| only
requires the subset of vectorsin order to be computed. The two other criteria are computationally
burdened by the fact that they need to generate and store all the monotone boolean functions. The
problem of generating and storing all monotone boolean functions defined on at most n variablesis
much harder than just enumerating them, which has only been done for n up to and including 8 (see
Tablel). Since there are about 10’ monotone boolean functions for n equal to 6, and about 10* for

nequal to 7, thesetwo heuristics seem feasiblefor at most 6 variableswith current storage capacities.

3. A Framework for an Unbiased Empirical Comparison of Algorithms
3.1 An Unbiased Estimator for the Average Case Complexity
Often arandom sample of test casesis generated to estimate parameters such as the expected value
of the algorithm complexity over the entire population of test cases. For an estimator to be unbiased,
its expected value has to be equal to the actual parameter value it is estimating. If some test cases
are more likely to end up in the sample, then the average complexity of the sample puts too much
weight on the more likely test cases, and too little weight on the less likely test cases. If the
probability of each test case being included in the sample, i.e, their inclusion probabilities, are
known, then an unbiased estimator can be obtained. The estimators that are presented next can be
found in most textbooks (e.g., Thompson (1992)) involving unequal probability sampling.
Consider the finite universe of fixed quantities { @y, @, ..., Pgr} = {@(A f ). f e M, }
associated with a particular monotone boolean function inference algorithm A. Let p; denote the
probability of including thei-th element in the sample. Horvitz and Thompson (1952) introduced an
unbiased estimator for the total number of queriesin the universe as:
a —~ P
0= .22 ?‘
where { @,, @,, ..., ®;} are the quantities corresponding to the set of i unique monotone boolean

functions in the sample. Notice that if the sample was taken with replacement, some monotone
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boolean functions might be selected more than once, while their corresponding quantity is used but
once in the estimate.

An unbiased estimator for the variance of © requires the joint pairwise incluson
probabilities. Let p;; bethe probability that elementsi and j areincluded together inthesample. Then,
an unbiased estimator is given by:

i1 p’ i-1 jr p B; pij
When &(n) is known, an unbiased estimate of the universe mean is:
~ 0
g(n) ! (5)
and a corresponding unbiased estimate of its varianceis.
Var() - Y29
a(n)

At afirst glance, the only benefit of using theinclusion probabilities, are unbiased estimators.
If the sampling technique alowsfor adjusting the inclusion probabilities, however, it may be possible
to adjust them so asto reducethe variance of the estimators. Thisissueisfurther discussed in section
3.2.

3.2 Generating Random Samples of Monotone Boolean Functions
The problem of generating all monotone boolean functions is much harder than just enumerating
them, and so an exhaustive analysis becomes intractable when n is greater than 6. As aremedy, a
sample of functions can be generated. However, a sample that is not drawn randomly is subject to
conditional results. Also, if one generates monotone boolean functionsthat contain a certain number
of border vectors (e.g., Makino et a. (1999)), for example, then one simply cannot make clams
towards the genera class of monotone boolean functions.

It is practically impossible to generate monotone functions from a uniform distribution. In
fact, itiseasy to fall in the trap of generating functions from a distribution that deviates significantly
from the uniform distribution. Asan illustrative example, consider the algorithm GENERATE-MBF
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Figure 10. Randomly generating monotone boolean functions without inclusion
probabilities.

asoutlinedin Figure 10. It startswith all the vectors{ 0,1} "asunclassified. Thenit randomly selects
avector from the unclassified vectors so that each is selected with equal probability. Inthelast step,
it classifiesthe selected vector as 0 or 1 with (equal) probability of ¥2and classifiesal of the vectors,
that are covered according to the monotonicity property, to their appropriate values. This process
is repeated until al of the vectors are classified.

The agorithm GENERATE-MBF will indeed randomly generate monotone boolean
functions, but the functions do not have equal probabilities of being included in the sample. Infact,
these inclusion probabilities vary significantly. For example, the probability that the zero vector is
classified as 1, which only corresponds to the uniform ONE function, is greater than 2™?, the
probability of selecting the zero vector during the first iteration and classifying it as 1. That is, the
inclusion probability for the ONE function is much greater than what it would be in the uniform
sampling as the following inequality indicates:

Pr{f = ONE} > 2™ » @(n)* (6)
Korshunov’s asymptotic to @(n) (given in equation (1)) provides an idea of the magnitude of the
difference in inclusion probabilities for the ONE function.

The fact that certain functions have extremely high (relative to the uniform case) inclusion
probabilities, comes at the expense of other functions having extremely low inclusion probabilities.
This algorithm seems to generate monotone boolean functions with few border vectors more
frequently and functions with many border vectors|ess frequently than in the uniform case. Suppose
GENERATE-MBFisused and the number of queriesfor aparticul ar inference al gorithm significantly

increases with the number of border vectors. Then an estimate of the average query complexity
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which ignores the inclusion probabilities is serioudy biased downwards.

A lower bound on, instead of the exact value of, the exact inclusion probability of the ONE
function was given by inequality (6). Thisis due to the fact that inclusion probabilities are hard to
compute for GENERATE-MBF, because there are so many different ways of generating the same
function. Sincetheinclusion probabilities are essentia to unbiased estimators, they need to be easy
to compute. If nothing isknown apriori about the number of queries, thenitisalso desirablefor the
inclusion probabilitiesto be close to the uniform case which will lower the variance of the estimator
given in equation (5).

Finding the probability of a particular set of random classifications is easiest if the
classfications are performed independently. However, if al of the vectors are classified
independently, the resulting function f may not necessarily be monotone. Therefore, consider
imposing monotonicity onto the function f, by creating the pair of unique “smallest” and “ greatest”
monotone functions, denoted respectively by fg and fg, that sandwich the original function by fg < f

< fs.
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Figure 11. Two sandwich monotone functions created by a non-monotone function defined on {0,1}“.

Figure 11 illustrates how the pair of monotone functions are created from a non-monotone
function. The shaded vectors carry a function value of 1, while the non-shaded vectors carry a
function value of 0. The non-monotone function f shown in the top of the figure has upper zeros
UZ(f) = {(1110), (1101), (0011)} and lower units LU(f) = {(0100), (1001)}. The upper zeros of
function f uniquely definethe first target monotone function f5 shown in the bottom left of thefigure,
while the lower units of f uniquely define the second target monotone function f; shown on the
bottom right.

The agorithm GENERATE-MBF-P(n, p) shown in Figure 12 creates the genera function f,
by classifying f(v) as 1 with probability p(v), or zero with probability 1- p(v) for al vectorsin{0,1}".
It then places all the upper zeros of f into the set S and all the lower unitsinto the set G. Thefirst
target monotone function f5isthen defined by the upper zerosin S whilethe second target monotone

function f is defined by the lower unitsin G.
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Figure 12. Randomly generating monotone boolean functions with inclusion probabilities.

After the two sandwich functions have been generated, their inclusion probabilities, denoted
by p; and pg, haveto be computed. To that end, define the two random monotone boolean functions
Fsand F by the output of a single execution of the random process GENERATE-MBF-P. Then,
the inclusion probability for function f is the probability that it was generated as the smallest or the
greatest function, given by:

P{Fs=f VFg=1} =Pr{Fs=f} + P{F;=1} - Pr{Fs=f NF5="1}, @)
where
Pr{F,=f} = P{F(V) =1V ve LU®), F(v)=0V ve {w f (W) = 0}}
= II v II @-pv)
v € LU(f) v € {w: f(w)=0}
and smilarly,
Pr{Fs=f} = P{F(v\)=0VveUZ({f), F(v) =1V ve {wf(w)=1}}
- IO aewy II  pw
v € UZ(f) v e {w: f(w)=1}
and finally

P{Fs=f NFg=1} = P{F(v) =f (w) Vve{0,1}"}
- II ovw II @pw

v e {w: f(w)=1} v e {w: f(w)=0

Supposethevector classification probability function p(v), defined asfollows, isused asinput
for the agorithm GENERATE-MBF-P.
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1/168, v = (0000)

20/168-5/42, v ¢ {(1000),(0100),(0010),(0001)}

p(v) = { 84/168=1/2, v e {(1100),(1010),(1001),(0110),(0101),(0011)}
148/168=37/42, v e {(1110),(1101),(1011),(0111)}

167/168, v = (1112)

This particular definition of p(v) comes from @,,(n) / @(n) which is described immediately after this
example. Suppose the genera function shown in the top of Figure 11 was generated as a result.
Consider computing the inclusion probabilities for the function f; shown on the bottom right of
Figure 11. Thelower units of f; are {(0100), (1001)}, while its upper zeros are { (1010), (0011)}.
Let g, denote its inclusion probability when GENERATE-MBF-P is executed k times. Then the

inclusion probability for this function is given as follows:

G = 1-(1- )"
Here the inclusion probability for asingle execution can be computed using equation (7) asfollows:
o} = p(0100)p(1001)(1-p(1010))(1-p(0011))(1-p(1000))(1-p(0010))(1-p(0001))(1-p(0000))

+ (1-p(1010)) (-p(0011)) p(0100) p(1100) p(1001) p(0110) p(0101)x

p(1110) p(1101) p(1011)p(0111) p(1111)
- p(1111)p(1110)p(1101)p(1011)p(0111)p(1100)p(1001)p(0110)p(0101)p(0100)x
(1-p(1010))(1-p(0011))(1-p(1000))(1-p(0010))(1-p(0001))(1-p(0000)

(o) G (2) ) G @) (2) () ) () () (8] - oo

If, for example, GENERATE-MBF-P was executed 20 times, the inclusion probability isequal to g,
~ 1- (1- .01047)® = 0.1898 for function f.. Theinclusion probability for other monotone boolean
functions can be computed in asimilar fashion.

To generate the functions close to uniformly, arandom 0 or 1 vector classification should
occur according to the vectors respective fraction of monotone boolean functions that classify it as
Oorl. Let @ (n) bethe number of monotone boolean functions defined on {0,1} " that classifiesa

vector v, for which |v| = k, as 1. Therefore, a vector with hamming weight k should be classified 1
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with probability &,(n) / @(n). This procedure does not result in complete uniformity, yet it isastep
in its direction using independent classifications. Equation (8) gives the known generaizations of
By(n).

1, k=0
d(n-1), k=1
@, (n) =1 93(n)/2 k=n/2, n is even ()
d(n)-J(n-1), k=n-1
d(n)-1, k=n

Equation (8) indicatesthat computing &,(n) isjust ashard ascomputing @(n). We computed

some of the exact values for J,(n), which are given in Table I11.

Tablelll. Some exact values for @,(n).

a,(n) n=1 n=2 n=3 n=4 n=>5 n==6
k=0 1 1 1 1 1 1
k=1 2 3 6 20 168 7,581
k=2 5 14 84 2,008 595,649
k=3 19 148 5,573 3,914,177
k=4 167 7,413 7,232,705
k=5 7,580 7,820,773
k=6 7,828,353

The solid curves in Figure 13 correspond to @,(n)/@(n) for n =1, 2, ..., 6. These curves
exhibit symmetric S-shapes that change rapidly as n increases. This is the motivation behind the

transformation of the distribution function into a sigmoid function as follows,

Qk(n) _ eankk-n12)
@(n) 1+ eé(n,k)(k—n/Z)'

(9)
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Figure 13. Comparing the exact values to the approximations of &,(n)/d(n).

Since &(n, K) isafunction of n and k, no information islost or gained by the transformation.
The problem of approximating @,(n)/@(n) is merely transformed into the equivalent problem of
approximating the function a(n, k). However, an approximate rel ationship between the known &(n,

k) values is more transparent (see Table V) than between the known @, (n)‘sin Tablelll.

TablelV. Somevauesof a(n,k).

ank) | n=1 | n=2 | n=3 ] n=4 ] n=5]|n=6|n=7]n=8
k=0 1.386 1.609 1.963 2.560 3.573 5.291 8.147 13.10
k=1 1.695 2.002 2.525 3.490 5.056 7.957
k=2 2.042 2.497
Solving (9) for &(n, k) gives,
In(@(n) - B.(n)) - In(B.(n
a(n, k) = @m () @) , forn>0,n=#2k,andk=0,1, ..., n.

n/2-k
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Furthermore, any value for &(n, k) in equation (8) will give the correct value of ¥z for @,(n)/@(n)
when n = 2k. From equation (8), it is known that &,(n) = 1, and therefore the following equation
holds:

In(@(n) - 1)

a(n,0) = i

,forn>0and n #2k. (20)

Equation (8) also provides the relationship @,(n) = @(n-1) which further implies the following

eguation:

anl) = In@(n) - g(rrll;zlz)l - IN(@(n-1)) | for n>0 and n+2k.

To computethevaluesfor a(n, 0) and a(n, 1) only @(n) isneeded. For n up to and including 8, the
exact values of @(n) are known and were given in Table I. For n greater than 8 Korshunov’s
approximation given in equation (1) can be used. However, to compute a(n, k) for k > 1, a

generalization is needed. Based on the observed valuesin Table IV, it seems reasonable to use

a(n, k) = a(n-1, k-1) fork=1, 2, ..., [n/2]-1,

and then use the fact that &(n, k) = &(n-k, k) to find the &(n, k) values for k =[n/2}+1, ..., n.

Figure 13 shows the approximated curves, forn=1, 2, ..., 6, resulting from using (10) and
generalizing with a(n, k) = &(n-1, k-1) and &(n, k) = a(n-k, k). Approximations of @(n)/@(n) that are
off by afew percent points will not have a mgor effect on the experiments described in section 5.
The approximations based on a(n, k) = a(n-1, k-1) are probably worse for larger k, however, these
approximations are only needed for nup to 11 (i.e., for k up to 5) in the experiments performed here.
It should be noted that it may be necessary to work with the inclusion probabilities in alog base as
they get extremely small. For example, @(11) > 10** using Korshunov's asymptotic given in
equation (1).

4. Comparison of Inference Algorithms
4.1 Some Preexisting Algorithms

Only someone that knows the function ahead of time, i.e., an al knowing Teacher, can achieve the
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minimum number of evaluations for every single monotone boolean function, thus ¢ (Teacher, f) =
m(f), Vv feM,. Forany agorithm A, that does not have prior knowledge about the underlying
function f other than that it is monotone, m( f ) can be considered as alower bound on the number
of questions. That is, the following inequality always holds: m(f) < (A, f),V fe M, and A =
Teacher.

It turnsout that it is possible to achieve fewer or the same number of function evaluations as
the upper bound on m( f ) given in inequality (2), for al monotone boolean functions defined on
{0,1}". One realization of thisis based on partitioning the set {0,1}" into chains, with increasing
length as described in Hansal (1966), and then searching the chains in that order. Proof of the
following inequality can be found in both Hansel (1966) and Sokolov (1982):

oHansdl, f) < max m(f),VfeM_. (11)

n
feM,,

The algorithm described in Sokolov (1982) is also based on the Hansel chains, but considers
the chainsin thereverse order (i.e., in decreasing length) and performs abinary search of each chain.
It turns out that Sokolov’s agorithm is much more efficient for functions that have all their border
vectorsin thelonger Hansel chains. Asan example, consider the uniform ONE function, which has
only one border vector and this border is located in the longest chain. For this function, Sokolov’s
algorithm performs a most log,(n+1l) evauations, while Hanse’s algorithm needs at
least (LH?Z J) evaluations. However, Sokolov’s algorithm does not satisfy the upper bound (11), as
the following example shows. Suppose that n > 4 and even, and the monotone boolean function to
beinferred is defined by f(v) = 1if v| > n/2, and O otherwise. Then the set of border vectorsis{v,
V| = n/2 or n/2-1} and m( f) = (Ln?Zj) + (Ln/gyl)' In Sokolov’s algorithm, the first vector w',
submitted for evaluation is a border vector since W!| = n/2. The second vector w? is not a border
vector because [wW?| = [3n/4]| # n/2 and n/2-1. Therefore, the following inequality holds:

P(SokoloV, F) > (o) * (yz),p) » for at least onef e M,

In an attempt to provide a unified efficiency testing platform, Gainanov (1984) proposed to
evaluate algorithms based on the number of evaluations needed for each border vector. To that end,

he presented an algorithm that searches for border vectors one by one. At the core of the algorithm
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isasubroutinethat takes asinput any unclassified vector v, and finds aborder vector by successively
evaluating adjacent vectors. This subroutine, which will bereferred to as FIND-BORDER(v), isalso
used inthe agorithmsof Boroset al. (1997), Makino and I baraki (1995), and Vaiant (1984). Given
any unclassified vector as input, this subroutine will find a border vector using a most n+1
evaluations. Asaresult, an algorithm A that utilizes any method to generate unclassified vectorsand
uses the subroutine FIND-BORDER to find the border vectors, satisfies the following upper bound:
oA f)<m(f)n+l), V fe M,
However, for the mgority of monotone boolean functions, the expression m( f )(n+1) isgreater than

or equal to 2", in which cases the bound is trivial.

4.2 Experimental Results
Thedifferent inferencea gorithmsdescribed in section 4.1, do not specify which vector to sel ect when
there are ties. In particular, the Sokolov and Hansel algorithms may have to choose between two
vectors that make up the middle of a particular chain. Furthermore, an algorithm that uses the
subroutine FIND-BORDER needs to be fed an unevaluated vector, of which there may be many.
Even the evaluative criterion min|K;-K,| which was described in section 2.5 may result in ties. For
the purpose of comparing the algorithms on the same ground and without introducing another aspect
of randomness, ties were broken by selecting the first vector in the list of tied vectors.
Theresultsin Figure 14 are based on an exhaustive analysis (i.e., al the monotone functions
were generated) for n up to and including 5. For n greater than 5 random samples of functionswere
generated by thealgorithm GENERATE-MBF-P(n, p) using theestimate of &,,(n) / @(n) constructed
in section 3.2 for p(v) for al v e {0,1}". The algorithm was executed 1,000 times for n equal to 6,
7 and 8, whilethe number of executionswas reduced to 100 timesfor nequal to 9, 10 and 11 because
of time limitations. That is, 2000 functions were generated for n equal to 6, 7 and 8, and 200

functions for n equal to 9, 10 and 11, since each execution resultsin apair of functions. Thisisthe
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Figure 14. Query complexity for different inference agorithms.

maximum number of functions used in the estimate, because the functions are generated with
replacement. However, sincethelikelihood of generating the same functions more than onceissmall
(especidly for larger values of n) the effective sample size was generally close to the these maxima.

The Horvitz-Thompson estimator given by equation (5) is used to compute the averages for
n greater than 5. The average number of questionsis normalized by the maximum possible number
of questions 2" so that the magnitude of all the averages in Figure 14 are not overshadowed by the
large values obtained for n equal to 11. As a consequence, two algorithms that result in parallel
curves in such aplot, have an exponentia (in n) difference in the average number of queries. Also,
the gap between the curvesin Figure 14 and the horizonta line Average Number of Queries/ 2" =

1 (not shown in the figure) can be thought of asthe benefit of the monotone assumption. Thisisdue
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to the fact that 2" is the number of required queries when the underlying function is not necessarily
monotone.

Thecurvetitled “ Teacher” represents the lower bound on the number of questionsfor every
single function. Therefore, it is expected that a few extra questions are required on the average.
Sincetheheuristic based on theeval uative criterion min|K,-K,| achievesthe minimum average number
of questionsfor n up to 4, it can be thought of as alower bound on the average, and its gap between
“Teacher” quantifies the benefits of knowing the actual function beforehand.

Figure 14 paints aclear picture of how the preexisting inference algorithms fare against each
other. Hansel’ salgorithm wasthe best performer by far, Sokolov’ scamein second and an algorithm
using the subroutine FIND-BORDER (also used by Gainanov (1984), Vaiant (1984), Makino and
Ibaraki (1995), and Boros et al. (1997)) was a distant third. In fact, since the curve differences
between Hansel and Sokolov, and Sokol ov and the subroutine FIND-BORDER implementation, seem
to increase with n, the corresponding difference in the average number of queries increases at rate
greater than exponentially with n. Furthermore, the difference between the curves for Hansel and
“Teacher” decreases asnincreases. However, since the heuristic based on min|K,-K,| seemsto have
acurve that isamost paralel to Hansel’s curve, it isunlikely that Hansel’ s curve will approach the
“Teacher” curvefor largen.

Our evaluative criterion min|K;-K,| seemed to perform about 2% better than Hansel’s
algorithm. Thisdecreaseisespecially clear in Figure 14 for nup to and including 8. For larger values
of n, the high variance of our estimates makes it hard to distinguish the two curves, but the overal
decreasing trends remain intact. It might seem that a 2% decrease isinsignificant, but writing it as 2"

x0.02 shows its real magnitude.

6. Conclusions

The recent focus on the computational complexity has come at the expense of a drastic
increase in the query complexity. In fact, the more recent the inference algorithm is, the worse it
performsintermsof average query complexity. Thesubroutine, herereferredto asFIND-BORDER,
is the most commonly used in the recent literature (Gainanov (1984), Valiant (1984), Makino and
Ibaraki (1995), and Boros et al. (1997)), and its performance was by far the worst. Therefore, the
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framework for unbiased empirical comparison of inference algorithms devel oped in this paper seems
to be long overdue.

Even though guaranteeing the minimum average number of queries is currently only
computationally feasible for relatively few variables (i.e., up to 5 or 6), the recursive algorithm
presented here revealed the non-intuitive nature of the optimal solutions. While only the monotone
boolean functions defined on{ 0,1} " were studied here, these particular vector subsets are associated
with many applicationsin their ownright. Furthermore, the recursive algorithm executesjust aswell
for monotone boolean functions defined on any reasonably sized set of vectors. The only
requirement to guarantee the minimum average query cost isthat the assumption of independent and
equal query costs holds.

The optimal solutions paved the way for the evaluative criterion min|K,-K,| that probably
would not have been developed (due to its non-intuitive nature) without the consultation of the
optimal solutions. The heuristic using this evaluative criterion extends the feasible problem sizesto
up to about 20 variables (which involves about 1 million vectors). When the number of variables
exceeds 20, computing the evaluative criterion might become intractable, while Hansel’ s algorithm
will most likely till perform the best on the average. When creating the chain partition used in
Hansel (1966) and Sokolov (1982) becomes intractable, finding border vectors one by one using the
subroutine FIND-BORDER is the last but perhaps still computationally feasible resort.
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