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30 C. BUSCH AND M. MAVRONICOLAS2 fw=2 � 1; w=2g and kX(w) l2 lgwk1=w = l + 1=2 for someinteger l. By Proposition 6.3:FM(w)(X(w))= 1wkX(w) l2 lgwk11(w) +�121(w) + 2FM(w=2)eo ;M(w=2)oe (X(w) #2 (lgw � 1))� OL(w)� :By de�nition of the vectors E(w) and O(w),121(w) �OL(w) = 121(w) � O(w) = E(w) :It follows thatFM(w)(X(w))= 1wkX(w) l2 lgwk11(w) +l2FM(w=2)eo ;M(w=2)oe (X(w) #2 (lgw � 1)) + E(w)m :Since each of FM(w=2)eo (X(w=2)eo #2 (lgw�1)) and FM(w=2)oe (X(w=2)oe #2(lgw � 1)) is step, it follows by Proposition 3.8 that the vector�122(FM(w=2)eo (X(w=2)eo #2 (lgw � 1))+FM(w=2)oe (X(w=2)oe #2 (lgw � 1))) + E(w)m= l2FM(w=2)eo ;M(w=2)oe (X(w) #2 (lgw � 1)) +E(w)mis step. Since the sum of a constant vector and a step vector isa step vector, it follows that the vector FM(w)(X(w)) is step, asneeded.By Lemmas 6.2 and 7.2, it follows from Theorem 5.10 that the network M(w)is a merging network, as needed.We �nally argue:Theorem 7.3. The network B(w) : X(w) ! Y (w) is a counting network.Proof: By induction on w. For the base case, where w = 2, B(2) consists of asingle balancer which, by Proposition 5.1, produces a step output vector.Assume inductively that B(k) is a counting network for each k � w=2 thatis a power of two. We show that B(w) is a counting network. By constructionof B(w) (Section 6.2) and induction hypothesis, each of Z(w=2)up and Z(w=2)down is astep vector. Since, by Theorem 7.1, the network M(w) is a merging network, itfollows that the output vector Y (w) is step, as needed.



CORRECTNESS OF BALANCED NETWORKS 29and kX(w) l2 lgwk1=w = l + 1=2 for some integer l.By Corollary 5.8,kFM(w=2)eo (X(w=2)eo #2 (lgw � 1))k1 = kX(w=2)eo #2 (lgw � 1)k1and kFM(w=2)oe (X(w=2)oe #2 (lgw � 1))k1 = kX(w=2)oe #2 (lgw � 1)k1 :Hence, it follows that eitherjkFM(w=2)eo (X(w=2)eo #2 (lgw � 1))k1 � kFM(w=2)oe (X(w=2)oe #2 (lgw � 1))k1j2 f0; 1g and kX(w) l2 lgwk1=w = l for some integer l, orjkFM(w=2)eo (X(w=2)eo #2 (lgw � 1))k1 � kFM(w=2)oe (X(w=2)oe #2 (lgw � 1))k1j2 fw=2� 1; w=2g and kX(w) l2 lgwk1=w = l + 1=2 for some integer l.We proceed by case analysis.(a) Assume �rst thatjkFM(w=2)eo (X(w=2)eo #2 (lgw�1))k1�kFM(w=2)oe (X(w=2)oe #2 (lgw�1))k1j2 f0; 1g and kX(w) l2 lgwk1=w = l for some integer l.By Proposition 6.3, it follows that FM(w)(X(w) #2 lgw) =1wkX(w) l2 lgwk11(w) +l2FM(w=2)eo ;M(w=2)oe (X(w) #2 (lgw � 1))�OL(w)m :Since each of FM(w=2)eo (X(w=2)eo #2 (lgw�1)) and FM(w=2)oe (X(w=2)oe #2(lgw � 1)) is step, it follows by Proposition 3.7 that the vector�122(FM(w=2)eo (X(w=2)eo #2 (lgw � 1))+FM(w=2)oe (X(w=2)oe #2 (lgw � 1))) �O(w)m= l2FM(w=2)eo ;M(w=2)oe (X(w) #2 (lgw � 1))� OL(w)mis step. Since the sum of a constant vector and a step vector isa step vector, it follows that the vector FM(w)(X(w)) is step, asneeded.(b) Assume now thatjkFM(w=2)eo (X(w=2)eo #2 (lgw�1))k1�kFM(w=2)oe (X(w=2)oe #2 (lgw�1))k1j



28 C. BUSCH AND M. MAVRONICOLAS(lgw�1). Hence, by induction hypothesis, each of FM(w=2)eo (X(w=2)eo #2 (lgw�1))and FM(w=2)oe (X(w=2)oe #2 (lgw � 1)) is step.We proceed by case analysis on whether or notX(w) #2 (lgw�1) is block-step.(i) Case 1: X(w) #2 (lgw � 1) is block-step.By Proposition 4.3, kX(w) l2 lgwk1=w is an integer. Hence, by Propo-sition 6.3:FM(w)(X(w)) = 1wkX(w) l2 lgwk11(w) +l2FM(w=2)eo ;M(w=2)oe (X(w) #2 (lgw � 1)) �OL(w)m :By Proposition 4.2,jkX(w=2)eo #2 (lgw � 1)k1 � kX(w=2)oe #2 (lgw � 1)k1j 2 f0; 1g :By Corollary 5.8,kFM(w=2)eo (X(w=2)eo #2 (lgw � 1))k1 = kX(w=2)eo #2 (lgw � 1)k1and kFM(w=2)oe (X(w=2)oe #2 (lgw � 1))k1 = kX(w=2)oe #2 (lgw � 1)k1 :Hence, it follows thatjkFM(w=2)eo (X(w=2)eo #2 (lgw � 1))k1 � kFM(w=2)oe (X(w=2)oe #2 (lgw � 1))k1j2 f0; 1g.Since each of FM(w=2)eo (X(w=2)eo #2 (lgw � 1)) and FM(w=2)oe (X(w=2)oe #2(lgw � 1)) is step, it follows by Proposition 3.7 that the vector�122(FM(w=2)eo (X(w=2)eo #2 (lgw � 1))+FM(w=2)oe (X(w=2)oe #2 (lgw � 1)))� O(w)m= l2FM(w=2)eo ;M(w=2)oe (X(w=2) #2 (lgw � 1))� OL(w)mis step. Since the sum of a constant vector and a step vector is a stepvector, it follows that the vector FM(w)(X(w)) is step, as needed.(ii) Case 2: X(w) #2 (lgw � 1) is not block-step.Setting d = lgw in Proposition 4.4, so that 2d = w, yields that eitherjkX(w=2)eo #2 (lgw � 1)k1 � kX(w=2)oe #2 (lgw � 1)k1j2 f0; 1g and kX(w) l2 lgwk1=w = l for some integer l, orjkX(w=2)eo #2 (lgw � 1)k1 � kX(w=2)oe #2 (lgw � 1)k1j 2 fw=2� 1; w=2g



CORRECTNESS OF BALANCED NETWORKS 27Since X(w) 2 (blockstep(Nw)) #2 lgw � Nw #2 lgw = [2lgw]w, it follows, byTheorem 5.5, thatFM(w)(X(w))= � 1wkX(w) l2 lgwk11(w) + 2FM(w=2)eo ;M(w=2)oe (X(w) #2 (lgw � 1))� OL(w)� ;as needed.As we will show, M(w) is a merging network, i.e., it guarantees the stepproperty on its output vector when each of the vectors X(w=2)up and X(w=2)down isstep { but this can be ensured by �ltering each of these vectors through smallercounting networks.6.2. The Bitonic Network. The balancing network B(w) : X(w) ! Y (w),called bitonic, is de�ned inductively. For the base case, where w = 2, B(2) consistsof a single balancer. Assume inductively that we have constructed B(w=2), wherew � 4; we show how to construct B(w). The network B(w) is the cascade of:� a network R(w) : X(w) ! Z(w), which is the \parallel composition" oftwo networks B(w=2)up : X(w=2)up ! Z(w=2)up and B(w=2)down : X(w=2)down ! Z(w=2)down ;� a bitonic merger network M(w) : Z(w) ! Y (w).7. A Correctness ProofIn this Section, we present a formal correctness proof that the bitonic networkis a counting network.We start by showing:Theorem 7.1. The network M(w) is a merging network.Proof: The proof appeals to Theorem 5.10. By Propositions 6.2 and 6.1, itsu�ces to show:Lemma 7.2. The function FM(w) is step on (blockstep(Nw)) #2 lgw.Proof: By induction on w. For the base case, where w = 2 and M(2) consistsof a single balancer, notice that (blockstep(N2)) #2 lg 2 = N2 #2 1 and take anyX(2) 2 N2 #2 1. By de�nition of a balancer, Y (2) is step, while, by Theorem 5.5,Y (2) = FB(X(2)). It follows that FB(X(2)) is step, as needed.Assume inductively that FM(k) is step on (blockstep(Nk)) #2 lgk for eachk � w=2 that is a power of two. Take any X(w) 2 (blockstep(Nw)) #2 lgw. Weshow that FM(w)(X(w)) is step.By de�nition of (blockstep(Nw)) #2 lgw, there exists a block-step vector V (w)such that V (w) #2 lgw = X(w). It follows by Proposition 4.1 that each ofV (w=2)eo and V (w=2)oe is block-step. Notice that V (w=2)eo #2 (lgw � 1) = X(w=2)eo #2(lgw � 1) and V (w=2)oe #2 (lgw � 1) = X(w=2)oe #2 (lgw � 1). It follows, byde�nition of (blockstep(Nw=2)) #2 (lgw � 1), that both X(w=2)eo #2 (lgw � 1) 2(blockstep(Nw=2)) #2 (lgw� 1) and X(w=2)oe #2 (lgw� 1) 2 (blockstep(Nw=2)) #2



26 C. BUSCH AND M. MAVRONICOLASProof: Since X(w) 2 (blockstep(Nw)) #2 lgw � Nw #2 lgw, X(w) "2 (lgw �1) = X(w) l2 lgw and X(w) "2 lgw = O(w).By construction of the network N (w) and Theorem 5.5,Z(w) = CN (w) �X(w) "2 (lgw � 1) + FN (w)(X(w) #2 (lgw � 1))= CN (w) �X(w) l2 lgw + FN (w)(X(w) #2 (lgw � 1)) ;where (FN (w)(X(w) #2 (lgw � 1)))e = FM(w=2)eo (X(w=2)eo #2 (lgw � 1)) ;and (FN (w) (X(w) #2 (lgw � 1)))o = FM(w=2)oe (X(w=2)oe #2 (lgw � 1)) :Applying Proposition 5.4 on layer L(w) yields:Y (w) = dCL(w) � Z(w) � OL(w)e= dCL(w) � (CN (w) �X(w) l2 lgw +FN (w)(X(w) #2 (lgw � 1))) �OL(w)e= dCL(w) �CN (w) �X(w) l2 lgw +CL(w) �FN (w) (X(w) #2 (lgw � 1)) �OL(w)e= dCM(w) �X(w) l2 lgw +CL(w) � FN (w)(X(w) #2 (lgw � 1))� OL(w)e ;by Theorem 5.5(1). Proposition 6.2 implies thatCM(w) �X(w) l2 lgw = 1wkX(w) l2 lgwk11(w) :Notice also thatCL(w) �FN (w) (X(w) #2 (lgw � 1))= 0BBBBBBBBBB@ 1=2 1=2 0 0 : : : 0 01=2 1=2 0 0 : : : 0 00 0 1=2 1=2 : : : 0 00 0 1=2 1=2 : : : 0 0... ... ... ... . . . ... ...0 0 0 0 : : : 1=2 1=20 0 0 0 : : : 1=2 1=2 1CCCCCCCCCCA � FN (w)(X(w) #2 (lgw � 1))= 122(FM(w=2)eo (X(w=2)eo #2 (lgw � 1)) + FM(w=2)oe (X(w=2)oe #2 (lgw � 1))) :Hence, we have:FM(w)(X(w))= � 1wkX(w) l2 lgwk11(w) + 2FM(w=2)eo ;M(w=2)oe (X(w) #2 (lgw � 1))� OL(w)� :



CORRECTNESS OF BALANCED NETWORKS 25We continue by showing that the steady transfer matrix of the bitonic mergeris a constant matrix.Proposition 6.2. For all i; j 2 [w], CM(w) [ji] = 1=w.Proof: By induction onw. For the base case, where w = 2, the statement holdstrivially by de�nitions of balancer and connection matrix. Assume inductivelythat for each k � w=2 that is a power of two, CM(k) [ji] = 1=k for all i; j 2 [k].We show that CM(w) [ji] = 1=w for all i; j 2 [w].By de�nition of the network N (w) and induction hypothesis, CN (w) [ji] =1=(w=2) = 2=w if either j 2 e[w] and i 2 eo[w], or j 2 o[w] and i 2 oe[w], and 0otherwise, so that: CN (w) =0BBBBBBB@ 2=w 0 2=w 0 : : : 2=w 0 0 2=w 0 2=w : : : 0 2=w0 2=w 0 2=w : : : 0 2=w 2=w 0 2=w 0 : : : 2=w 02=w 0 2=w 0 : : : 2=w 0 0 2=w 0 2=w : : : 0 2=w0 2=w 0 2=w : : : 0 2=w 2=w 0 2=w 0 : : : 2=w 0... ... ... ... . .. ... ... ... ... ... ... . . . ... ...2=w 0 2=w 0 : : : 2=w 0 0 2=w 0 2=w : : : 0 2=w0 2=w 0 2=w : : : 0 2=w 2=w 0 2=w 0 : : : 2=w 0 1CCCCCCCA :Hence, Theorem 5.5(1) implies:CM(w) = CL(w) �CN (w)= 0BBBBBBBBBB@ 1=w 1=w 1=w 1=w : : : 1=w 1=w1=w 1=w 1=w 1=w : : : 1=w 1=w1=w 1=w 1=w 1=w : : : 1=w 1=w1=w 1=w 1=w 1=w : : : 1=w 1=w... ... ... ... . . . ... ...1=w 1=w 1=w 1=w : : : 1=w 1=w1=w 1=w 1=w 1=w : : : 1=w 1=w 1CCCCCCCCCCA ;as needed.By appealing to Proposition 6.2, Theorem 5.10 calls for computing expressionsfor FM(w) onX(w) 2 (blockstep(Nw)) #2 depth(M(w)) which, by Proposition 6.1,equals (blockstep(Nw)) #2 lgw. We �rst introduce some notation. De�neFM(w=2)eo ;M(w=2)oe (X(w) #2 (lgw � 1))= 12(FM(w=2)eo (X(w=2)eo #2 (lgw � 1)) + FM(w=2)oe (X(w=2)oe #2 (lgw � 1)) :)Our next proposition shows that the transient transfer function ofM(w) takesa particular algebraic form for X(w) 2 (blockstep(Nw)) #2 lgw.Proposition 6.3. Assume X(w) 2 (blockstep(Nw)) #2 lgw. Then,FM(w)(X(w))= � 1wkX(w) l2 lgwk11(w) + 2FM(w=2)eo ;M(w=2)oe (X(w) #2 (lgw � 1))� OL(w)� :



24 C. BUSCH AND M. MAVRONICOLASFix throughout w to be any power of two. The construction of the bitonicnetwork B(w) is inductive and identical to the one in [5]; it uses the bitonicmerger network M(w), whose construction is described next, as a basic module.6.1. The Bitonic Merger Network. The balancing networkM(w) : X(w) ! Y (w), called bitonic merger, is de�ned inductively as follows:For the base case, where w = 2, M(2) consists of a single balancer. Assumeinductively that we have constructed M(w=2), where w � 4; we show how toconstruct M(w). The network M(w) is the \cascade" of:� a network N (w) : X(w) ! Z(w), which is the \parallel composition" oftwo networksM(w=2)eo : X(w=2)eo ! Z(w=2)e andM(w=2)oe : X(w=2)oe ! Z(w=2)o ;� a layer L(w) : Z(w) ! Y (w) consisting ofw=2 balancers b0; b1; : : : ; bw=2�1,where balancer bi receives inputs z2i and z2i+1 and produces outputs y2iand y2i+1, i 2 [w=2].Notice that the construction of M(w) implies that depth(M2) = 1, while forw > 2,depth(M(w)) = depth(N (w)) + depth(L(w)) = depth(M(w=2)) + 1 ;implying:Proposition 6.1. For all w � 2, depth(M(w)) = lgw.Notice that, by de�nition of the network L(w), CL(w) [ji] = 1=2 if fi; jg �f2l; 2l+ 1g for some l 2 [w=2] and 0 otherwise, i.e.,CL(w) = 0BBBBBBBBBB@ 1=2 1=2 0 0 : : : 0 01=2 1=2 0 0 : : : 0 00 0 1=2 1=2 : : : 0 00 0 1=2 1=2 : : : 0 0... ... ... ... . . . ... ...0 0 0 0 : : : 1=2 1=20 0 0 0 : : : 1=2 1=2 1CCCCCCCCCCA :Also, by de�nition of the network L(w), OL(w)[i] = 0 for i 2 e[w], and 1=2 fori 2 o[w], i.e., OL(w) = O(w) = 0BBBBBBBBBB@ 01=201=2...01=2 1CCCCCCCCCCA :



CORRECTNESS OF BALANCED NETWORKS 23Definition 5.2 (Aspnes, Herlihy and Shavit [5]). A merging network isa balancing network B : X(w) ! Y (w) such that if the input vector X(w) isblock-step, then the output vector X(w) is step.That is, the set of inputs is partitioned into two blocks, each of size w=2,and the output vector is step whenever each of the two corresponding vectorsof inputs, one for each of these blocks, is. Merging networks have been used asbuilding blocks of counting networks [5, 7, 10, 12].A number of combinatorial characterizations may be derived from Theo-rem 5.5 for counting and merging networks. These characterizations are statedas necessary and su�cient conditions on the transfer parameters of a network.We start with a necessary and su�cient condition for a counting network.Theorem 5.9 (Busch and Mavronicolas [8]). The network B is a count-ing network if and only if:(1): CB[ji] = 1=w for all i; j 2 [w], and(2): the vector function FB is step on [2d]w.Theorem 5.5 can be used to show a conditional combinatorial characterizationfor merging networks.Theorem 5.10 (Busch and Mavronicolas [8]). For a network B : X(w) !Y (w) of depth d, assume CB[ji] = 1=w for all i; j 2 [w]. Then, B is a mergingnetwork if and only if the vector function FB is step on (blockstep(Nw)) #2 d.Theorem 5.10 reveals that certain merging networks may actually do morethan what the formal de�nition of a merging network requires: a merging networkwith a constant steady transfer matrix produces a step output vector on an inputvector which is not step, but has all of its entries no more than 2d�1 (i.e., each ofits entries can be represented with d binary digits), where d is the depth of thenetwork, and can be extended to a step vector by \sticking" most signi�camtbinary digits to the left of each of its entries.Theorems 5.9 and 5.10 suggest corresponding methodologies for proving cor-rectness of counting and merging networks. More speci�cally, to show that a bal-ancing network B is a counting or merging network, one computes expressions forthe transfer parameters CB and FB and veri�es inductively that the (conditional)necessary and su�cient conditions involved in Theorems 5.9 and 5.10, respec-tively, hold. A concrete application of this general methodology on a speci�cexample of a merging network appears in Section 7.6. The Bitonic NetworkIn this Section, we describe the construction and show some preliminary prop-erties of the bitonic network [6].



22 C. BUSCH AND M. MAVRONICOLASleast signi�cant part of the input vector undergoes a non-linear transformationde�ned by FB.Thus, the steady transfer matrixCB is determined by the relative connectionsof the network and shapes the steady output term, while the transient transferfunction FB is determined by both the connections and the relative order ofoutputs for each balancer and shapes the transient output term. Call the steadytransfer matrixCB and the transient transfer function FB the transfer parametersof B.Since the product of two doubly stochastic matrices is doubly stochastic (see,e.g., [3, Theorem 8.40]), Theorem 5.5(1) immediately implies:Proposition 5.6. The steady transfer matrix CB is doubly stochastic.Proposition 5.6 immediately implies:Corollary 5.7. For any vector X(w), kCB �X(w)k1 = kX(w)k1.Our last Proposition establishes an intuitive property of the transient transferfunction.Proposition 5.8. Let B : X(w) ! Y (w) be a balancing network of depth d.Then, kFB(X(w) #2 d)k1 = kX(w) #2 dk1 :Proof: By Theorem 5.5 and de�nition of 1-norm,kY (w)k1 = kCB �X(w) "2 dk1 + kFB(X(w) #2 d)k1= kX(w) "2 dk1 + kFB(X(w) #2 d)k1 ;since, by Proposition 5.6, CB is a doubly stochastic matrix.By Proposition 5.3 and linearity of the 1-norm function,kY (w)k1 = kX(w)k1 = kX(w) "2 dk1 + kX(w) #2 dk1 :Hence, it follows thatkFB(X(w) #2 d)k1 = kX(w) #2 dk1 ;as needed.5.2. Counting andMergingNetworks. Counting and merging networks [5]are among the most well studied classes of balancing networks (see, e.g., [1, 2,7, 9, 10, 12, 13, 14, 15, 16]).Definition 5.1 (Aspnes, Herlihy and Shavit [5]). A counting network isa balancing network B : X(w) ! Y (w) such that the output vector Y (w) is step.Counting networks have been shown suitable for implementing shared countersand producer/consumer bu�ers for multiprocessor architectures [5, 14].A way of relaxing de�nition 5.1 is to require the step property for the outputsequence only if the inputs have some kind of a step property.



CORRECTNESS OF BALANCED NETWORKS 21By de�nitions for balancers, the connection matrix CB, and the order vectorOB, it immediately follows:Proposition 5.4. For a layer B : X(w) ! Y (w),Y (w) = dCB �X(w) �OBeNotice that the connection matrix CB is a doubly stochastic matrix, i.e., allrows and columns sum to one (see, e.g., [3, Chapter VIII, Section 2] for anaccount on doubly stochastic matrices).If depth(B) = d > 1, then B can be uniquely partitioned into layersB1;B2; : : : ;Bd from left to right in the obvious way. The connection matrixCBi and the order vector OBi are associated with layer Bi, 1 � i � d. We rep-resent B by the sequence of d connection matrices CB1 ; CB2; : : : ; CBd, and thesequence of d order vectors OB1 ; OB2; : : : ; OBd .The next Theorem shows that for any balancing network, the outputs take aparticular algebraic form as a function of the inputs, depending on the network'sdepth and the topology of the network.Theorem 5.5 (Busch and Mavronicolas [8]). Let B : X(w) ! Y (w) bea balancing network of depth d with associated connection matrices and ordervectors CB1 ; CB2; : : : ; CBd and OB1 ; OB2; : : : ; OBd, respectively. Then:Y (w) = CB �X(w) "2 d+ FB(X(w) #2 d);for some matrix CB and vector function FB : [2d]w ! Nw, such that:(1): CB = CBd �CBd�1 � : : : �CB1 , and:(2): FB = FBd , where the vector functions FBl : [2l]w ! Nw, 1 � l � d,are de�ned recursively as follows:FBl(X(w) #2 l) = 8<: �CBl �CBl�1 � : : : �CB1 �X(w) l2 l+CBl � FBl�1(X(w) #2 (l � 1)) �OBl� ; l > 1�CB1 �X(w) l2 1�OB1� ; l = 1Call the matrix CB the steady transfer matrix of B. Call the vector functionFB the transient transfer function of B.Theorem 5.5 shows that the output vector of a balancing network is the sumof two terms. The �rst term CB �Xw "2 d, called the steady output term, involvesthe most signi�cant part X(w) "2 d of the input vector; this part is obtained bysetting the d least signi�cant binary digits of each entry of the input vector tozero. The steady output term is a linear transformation, de�ned by the steadytransfer matrix CB, of the most signi�cant part of the input vector.The second term �CB �X(w) l2 d+ CBd � FBd�1(X(w) #2 (d� 1))� OBd�, calledthe transient output term, involves the least signi�cant part X(w) #2 d of the in-put vector; this part corresponds to the d least signi�cant binary digits of eachentry. The transient output term is the image, under the transient transfer func-tion FB of B, of the least signi�cant part of the input vector; apparently, the
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t
t tt ttFigure 2. The layer BIn case depth(B) = 1, B will be called a layer and will be uniquely representedby a square w � w matrix CB, called connection matrix and determining theconnections between input and output wires, and a w � 1 column vector OB,called order vector and determining the order of each output wire. Formally, weset: � for any i and j, 0 � i; j � w�1, CB[ji] = 1=2 if input wire i and outputwire j are connected via a balancer, else CB[ji] = 1 if output wire jcoincides with input wire i, and 0 otherwise.� For any j, 0 � j � w � 1, OB[j] = o if output wire j is the output wireof a balancer and has order o, else (output wire j is not the output wireof a balancer) OB[j] = 0.For example, for the layer B depicted in Figure 2 using the same conventionsas for Figure 1, we have:CB = 0BBBBBBB@ 1=2 0 0 0 0 1=20 1=2 0 1=2 0 00 0 1=2 0 1=2 00 1=2 0 1=2 0 00 0 1=2 0 1=2 01=2 0 0 0 0 1=2 1CCCCCCCA ;and OB = 0BBBBBBB@ 0001=21=21=2 1CCCCCCCA :
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Figure 1. A balancing networkProposition 5.1. For a balancer b : X(2) ! Y (2), the output vector Y (2) isstep.The sum preservation property for a balancer is another immediate conse-quence of its de�nition.Proposition 5.2. For a balancer b : X(2) ! Y (2), kY (2)k1 = kX(2)k1.For any integer w � 2, a balancing network B : X(t) ! Y (w) of width w is acollection of balancers, where output wires are connected to input wires, havingw designated input wires 0; 1; : : : ; w � 1 (which are not connected to outputwires of balancers), w designated output wires 0; 1; : : : ; w � 1 (similarly notconnected to input wires of balancers), and containing no cycles. Integer inputsx0; x1; : : : ; xw�1 are received on input wires 0; 1; : : : ; w � 1, respectively, andinteger outputs y0; y1; : : : ; yw�1 are computed on output wires 0; 1; : : : ; w � 1,respectively, in the natural way. Throughout the paper, we will often abusenotation and use xi (resp., yj) as the name of the ith input (resp., jth output)wire. Figure 1 depicts a balancing network, with wires drawn as horizontal linesand balancers stretched vertically, and the outputs computed on all output wiresof its balancers on a speci�c input.The sum preservation property for a balancing network B follows naturallyfrom its de�nition and the corresponding property for a balancer:Proposition 5.3 (Sum Preservation Property). For a balancing networkB : X(w) ! Y (w), kY (w)k1 = kX(w)k1.For a balancing network B, the depth of B, depth(B), is de�ned to be themaximal depth of any of its wires, where the depth of a wire is de�ned to bezero for an input wire of B, and maxi2f0;1g depth(xi) + 1, for the output wiresof a balancer with input wires x0; x1.



18 C. BUSCH AND M. MAVRONICOLASfor some integer l.(c) Assume cup is even and cdown is odd.Then, clearly, k(Xup)(w=4)e #2 (d�1)k1 = k(Xup)(w=4)o #2 (d�1)k1and k(Xdown)(w=4)e #2 (d � 1)k1 = k(Xdown)(w=4)o #2 (d � 1)k1 �(2lgw�1 � 1) = k(Xdown)(w=4)o #2 (d � 1)k1 � w=2 + 1, so thatkX(w=2)eo #2 (d� 1)k1 � kX(w=2)oe #2 (d� 1)k1 = w=2� 1.Since cup and cdown are of di�erent parities, kX(w) l2 dk1=2d =l + 1=2 for some integer l.(d) Assume cup is odd and cdown is even.Then, clearly, k(Xup)(w=4)e #2 (d � 1)k1 = k(Xup)(w=4)o #2 (d �1)k1 � (2lgw�1 � 1) = k(Xup)(w=4)o #2 (d � 1)k1 � w=2 + 1 andk(Xdown)(w=4)e #2 (d� 1)k1 = k(Xdown)(w=4)o #2 (d� 1)k1, so thatkX(w=2)eo #2 (d� 1)k1 � kX(w=2)oe #2 (d� 1)k1 = �w=2 + 1.Since cup and cdown are of di�erent parities, kX(w) l2 dk1=2d =l + 1=2 for some integer l.Inspecting the previous case analysis reveals that either jkX(w=2)eo #2 (d �1)k1� kX(w=2)oe #2 (d� 1)k1j 2 f0; 1g and kX(w) l2 dk1=2d = l for some integer l(cases 1(a), 1(c), 2(a), 2(b)), or jkX(w=2)eo #2 (d� 1)k1 � kX(w=2)oe #2 (d� 1)k1j 2fw=2� 1; wg and kX(w) l2 dk1=2d = l+ 1=2 for some integer l (cases 1(b), 1(d),2(c), 2(d)), as needed. 5. Balancing NetworksThis Section is organized as follows. Section 5.1 presents de�nitions for andpreliminary properties of balancing networks. In Section 5.2, we de�ne inter-esting classes of balancing networks, along with corresponding combinatorialcharacterization theorems. Our presentation closely follows the one in [8], wherethe reader is referred for a more detailed treatment.5.1. Balancing Networks. Balancing networks are constructed from wiresand computing elements called balancers. Formally, a balancer b : X(2) !Y (2) [5] is a computing element which receives integer inputs x0 and x1 oninput wires 0 and 1, respectively, and computes integer outputs y0 and y1 onoutput wires 0 and 1, respectively, so that for each j, 0 � j � 1,yj = &P1i=0 xi � j2 ' :For each j, 0 � j � 1, the order of output wire j is de�ned to be j=2; thus,output wires 0 and 1 have orders 0 and 1=2, respectively.An immediate consequence of the de�nition of a balancer is that the outputvector Y (2) is step:



CORRECTNESS OF BALANCED NETWORKS 17Then, clearly, k(Xup)(w=4)e #2 (d�1)k1 = k(Xup)(w=4)o #2 (d�1)k1and k(Xdown)(w=4)e #2 (d� 1)k1 = k(Xdown)(w=4)o #2 (d� 1)k1 + 1,so that kX(w=2)eo #2 (d� 1)k1 � kX(w=2)oe #2 (d� 1)k1 = �1.Since cup is even, kX(w) l2 dk1=2d = l for some integer l.(d) Assume cup is odd and cdown is even.Then, clearly, k(Xup)(w=4)e #2 (d � 1)k1 = k(Xup)(w=4)o #2 (d �1)k1 � (2lgw�1 � 1) = k(Xup)(w=4)o #2 (d � 1)k1 � w=2 + 1 andk(Xdown)(w=4)e #2 (d� 1)k1 = k(Xdown)(w=4)o #2 (d� 1)k1, so thatkX(w=2)eo #2 (d� 1)k1 � kX(w=2)oe #2 (d� 1)k1 = �w=2 + 1.Since cup is odd, kX(w) l2 dk1=2d = l + 1=2 for some integer l.(ii) Assume now that X(w=2)down #2 (d� 1) is not step.By Proposition 3.11, there exists some index cdown, 0 < cdown � w=2�1,such that either� (xdown)0 #2 d = : : : = (xdown)cdown�1 #2 d = 00 : : :1 and(xdown)cdown #2 d = : : : = (xdown)w=2�1 #2 d = 11 : : :1, so thatkX(w=2)down l2 dk1 = (w=2� cdown)2d�1, or� (xdown)0 #2 d = : : : = (xdown)cdown�1 #2 d = 100 : : :0 and(xdown)cdown #2 d = : : : = (xdown)cw�1 #2 d = 011 : : :1, so thatkX(w=2)down l2 dk1 = cdown2d�1.Since X(w) l2 dk1 = kX(w=2)up l2 dk1 + kX(w=2)down l2 dk1, it follows thatthe possible values of X(w) l2 dk1=2d are (cup + cdown)=2, (w=2 + cup �cdown)=2, (w=2 + cdown � cup)=2 and (w � cup � cdown)=2 .Since w � 4 is a power of two, it follows that either kX(w) l2 dk1=2d =l for some integer l in case cup and cdown are of the same parity, orkX(w) l2 dk1=2d = l + 1=2 in case cup and ceven are of di�erent parity.We proceed by case analysis on combinations of the parities of cup andcdown.(a) Assume both cup and cdown are even.Then, clearly, k(Xup)(w=4)e #2 (d�1)k1 = k(Xup)(w=4)o #2 (d�1)k1and k(Xdown)(w=4)e #2 (d � 1)k1 = k(Xdown)(w=4)o #2 (d � 1)k1, sothat kX(w=2)eo #2 (d� 1)k1 � kX(w=2)oe #2 (d� 1)k1 = 0.Since cup and cdown are of the same parity, kX(w) l2 dk1=2d = lfor some integer l.(b) Assume both cup and cdown are odd.Then, clearly, k(Xup)(w=4)e #2 (d � 1)k1 = k(Xup)(w=4)o #2 (d �1)k1�(2lgw�1�1) = k(Xup)(w=4)o k1�w=2+1 and k(Xdown)(w=4)e #2(d � 1)k1 = k(Xdown)(w=4)o #2 (d � 1)k1 � (2lgw�1 � 1) =k(Xdown)(w=4)o k1 � w=2 + 1, so that kX(w=2)eo #2 2(d � 1)k1 �kX(w=2)oe #2 (d� 1)k1 = 0.Since cup and cdown are of the same parity, kX(w) l2 dk1=2d = l



16 C. BUSCH AND M. MAVRONICOLASand kX(w) l2 dk1=2d = l for some integer l, orjkX(w=2)eo #2 (d� 1)k1 � kX(w=2)oe #2 (d� 1)k1j 2 fw=2� 1; w=2gand kX(w) l2 dk1=2d = l + 1=2 for some integer l.Proof: By de�nition of a block-step vector, both X(w=2)up and X(w=2)down are step,but at least one of X(w=2)up #2 (d� 1) and X(w=2)down #2 (d� 1) is not step. Withoutloss of generality, assume X(w=2)up #2 (d� 1) is not step. By Proposition 3.11, itfollows that there exists some index cup, 0 < cup � w=2� 1, such that either� (xup)0 #2 d = : : : = (xup)cup�1 #2 d = 00 : : :0 and (xup)cup #2 d = : : : =(xup)w=2�1 #2 d = 11 : : :1, so that kX(w=2)up l2 dk1 = (w=2� cup)2d�1, or� (xup)0 #2 d = : : : = (xup)cup�1 #2 d = 100 : : :0 and (xup)cup #2 d =: : : = (xup)w�1 #2 d = 011 : : :1, so that kX(w=2)up l2 dk1 = cup2d�1.We proceed by case analysis on whether or not X(w=2)down #2 (d� 1) is step.(i) Assume �rst that X(w=2)down #2 (d� 1) is step.By Proposition 3.1, there exists some index cdown, 0 < cdown � w=2,such that (xdown)0 #2 (d � 1) = : : : = (xdown)cdown�1 #2 (d � 1) and(xdown)cdown #2 (d�1) = : : : = (xdown)w=2�1 #2 (d�1) = (xdown)cdown�1 #2(d� 1)� 1.SinceX(w=2)down is also step, it follows by Corollary 3.10 that either kX(w=2)down l2dk1 = 0, or kX(w=2)down l2 dk1 = (w=2)2d�1. Hence, we have: SincekX(w) l2 dk1 = kX(w=2)up l2 dk1 + kX(w=2)down l2 dk1, it follows that thepossible values of kX(w) l2 dk1=2d are cup=2, cup=2 + w=4, w=4� cup=2and w=2� cup=2.Since w � 4 is a power of two, it follows that either kX(w) l2 dk1=2d = lfor some integer l in case cup is even, or kX(w) l2 dk1=2d = l + 1=2 forsome integer l in case cup is odd.We proceed by case analysis on combinations of the parities of cup andcdown.(a) Assume both cup and cdown are even.Then, clearly, k(Xup)(w=4)e #2 (d�1)k1 = k(Xup)(w=4)o #2 (d�1)k1and k(Xdown)(w=4)e #2 (d � 1)k1 = k(Xdown)(w=4)o #2 (d � 1)k1, sothat kX(w=2)eo #2 (d� 1)k1 � kX(w=2)oe #2 (d� 1)k1 = 0.Since cup is even, kX(w) l2 dk1=2d = l for some integer l.(b) Assume both cup and cdown are odd.Then, clearly, k(Xup)(w=4)e #2 (d � 1)k1 = k(Xup)(w=4)o #2 (d �1)k1�(2lgw�1�1) = k(Xup)(w=4)o k1�w=2+1 and k(Xdown)(w=4)e #2(d � 1)k1 = k(Xdown)(w=4)o #2 (d � 1)k1 + 1, so that kX(w=2)eo #2(d� 1)k1 � kX(w=2)oe #2 (d� 1)k1 = �w=2.Since cup is odd, kX(w) l2 dk1=2d = l + 1=2 for some integer l.(c) Assume cup is even and cdown is odd.



CORRECTNESS OF BALANCED NETWORKS 15(ii) Assume both cup and cdown are odd. Then, clearly, k(Xup)(w=4)e k1 =k(Xup)(w=4)o k1 + 1 and k(Xdown)(w=4)e k1 = k(Xdown)(w=4)o k1 + 1, so thatkX(w=2)eo k1 = kX(w=2)oe k1.(iii) Assume cup is odd and cdown is even. Then, clearly, k(Xup)(w=4)e k1 =k(Xup)(w=4)o k1 + 1 and k(Xdown)(w=4)e k1 = k(Xdown)(w=4)o k1, so thatkX(w=2)eo k1 = kX(w=2)oe k1 + 1.(iv) Assume cup is even and cdown is odd. Then, clearly, k(Xup)(w=4)e k1 =k(Xup)(w=4)o k1 and k(Xdown)(w=4)e k1 = k(Xdown)(w=4)o k1 + 1, so thatkX(w=2)eo k1 + 1 = kX(w=2)oe k1.Thus, in all cases, jkX(w=2)eo k1 � kX(w=2)oe k1j 2 f0; 1g, as needed.For each integer k, denote by (blockstep(Nw)) #2 k the set of all integervectors X(w) 2 [2k]w such that X(w) = Y (w) #2 k for some block-step vectorY (w); that is, (blockstep(Nw)) #2 k is the set of the restrictions to their kleast signi�cant binary digits of blockstep vectors with w entries. Notice that(blockstep(Nw)) #2 k � [2k]w.Our �rst Proposition provides an analog to block-step vectors of Corollary 3.10.Proposition 4.3. For w � 4, assume X(w) 2 (blockstep(Nw)) #2 lgw andX(w) #2 (lgw � 1) is block-step. Then, kX(w) l2 lgwk1=w is an integer.Proof: By de�nition of (blockstep(Nw)) #2 lgw, there exists some block-stepvector V (w) such that V (w) #2 lgw = X(w). By de�nition of a block-step vector,V (w)up (resp., V (w)down) is step.Since X(w) #2 (lgw� 1) is block-step, it follows, by de�nition of a block-stepvector, that X(w)up #2 (lgw � 1) (resp., X(w)down #2 (lgw � 1)) is step.Since V (w) #2 lgw = X(w), it clearly follows that V (w)up #2 (lgw � 1) =X(w)up #2 (lgw � 1) (resp., V (w)down #2 (lgw � 1) = X(w)down #2 (lgw � 1)) andkV (w)up l2 lgwk1 = kX(w)up l2 lgwk1 (resp., kV (w)down l2 lgwk1 = kX(w)down l2 lgwk1).Hence, it follows by Corollary 3.10 that either kX(w=2)up l2 lgwk1 = 0 orkX(w=2)up l2 lgwk1 = (w=2)2lgw�1 = w2=4 (resp., either kX(w=2)down l2 lgwk1 = 0 orkX(w=2)down l2 lgwk1 = (w=2)2lgw�1 = w2=4). SincekX(w) l2 lgwk1 = X(w=2)up l2 lgwk1 +X(w=2)down l2 lgwk1 ;it follows that kX(w) l2 lgwk1 = 0, w2=4, or w2=2. Since w is a power of twoand at least four, it follows that kX(w) l2 lgwk1=w is an integer, as needed.Our next Proposition provides an analog to block-step vectors of Proposi-tion 3.11:Proposition 4.4. For any integer d � 2, assume X(w) is block-step, butX(w) #2 (d� 1) is not block-step. Then, eitherjkX(w=2)eo #2 (d� 1)k1 � kX(w=2)oe #2 (d� 1)k1j 2 f0; 1g



14 C. BUSCH AND M. MAVRONICOLAS4. Block-Step VectorsIn this Section, we formally de�ne block-step vectors and show several combi-natorial properties of them. The reader may prefer to skip this Section for now,returning to it later when its results are required.We say that an integer vector X(w) is block-step if both vectors X(w=2)up andX(w=2)down are step. Denote by blockstep(Nw) the set of all block-step vectors withw entries.We �rst notice that certain sub-vectors of a block-step vector are also block-step.Proposition 4.1. AssumeX(w) is block-step. Then, bothX(w=2)eo andX(w=2)oeare block-step.Proof: By de�nition of a block-step vector, both X(w=2)up and X(w=2)down are step.Proposition 3.1 immediately implies that both (Xup)(w=4)e and (Xup)(w=4)o (resp.,(Xdown)(w=4)e and (Xdown)(w=4)o ) are step. SinceX(w=2)eo (resp., X(w=2)oe ) is the con-catenation of (Xup)(w=4)e and (Xdown)(w=4)o (resp., (Xup)(w=4)o and (Xdown)(w=4)e ),it follows by de�nition of a block-step vector that X(w=2)eo (resp., X(w=2)oe ) is block-step, as needed.We next show that the 1-norms of certain subvectors of a block-step vectorcome close to each other.Proposition 4.2. Assume X(w) is block-step. Then,jkX(w=2)eo k1 � kX(w=2)oe k1j 2 f0; 1g :Proof: Recall that by de�nitions of X(w=2)eo and X(w=2)oe ,kX(w=2)eo k1 = k(Xup)(w=4)e k1 + k(Xdown)(w=4)o k1 ;and kX(w=2)oe k1 = k(Xup)(w=4)o k1 + k(Xdown)(w=4)e k1 :By de�nition of a block-step vector, both X(w=2)up and X(w=2)down are step. ByProposition 3.1, there are indices cup and cdown, 0 < cup; cdown � w=2, suchthat: � (xup)i = (xup)0 for all i such that 0 � i < cup and (xup)i = (xup)cup�1�1for all i such that cup � i � w=2� 1, and� (xdown)i = (xdown)0 for all i such that 0 � i < cdown and (xdown)i =(xdown)cdown�1 � 1 for all i such that cdown � i � w=2� 1.We proceed by case analysis on the parities of cup and cdown:(i) Assume both cup and cdown are even. Then, clearly, k(Xup)(w=4)e k1 =k(Xup)(w=4)o k1 and k(Xdown)(w=4)e k1 = k(Xdown)(w=4)o k1, so thatkX(w=2)eo k1 = kX(w=2)oe k1.



CORRECTNESS OF BALANCED NETWORKS 13By their de�nition, each of xi "2 (d � 1) and xk "2 (d � 1) is a multiple of2d�1. Hence, it follows that xi "2 (d � 1) � xk "2 (d � 1) = f � 2d�1, for someinteger f 6= 0. We have:xi � xk = xi "2 (d� 1) + xi #2 (d� 1)� xk "2 (d� 1)� xk #2 (d� 1)= f � 2d�1 + xi #2 (d� 1)� xk #2 (d� 1)Since X(w) #2 (d� 1) is step, 0 � xi #2 (d� 1)� xk #2 (d� 1) � 1. Hence, itfollows that: f � 2d�1 � xi � xk � f � 2d�1 + 1We proceed by case analysis. Assume �rst that f � 1. It follows that xi�xk �2d�1 > 1, since d � 2. Since X(w) is step and i < k, xi�xk � 1. A contradiction.Assume now that f � �1. It follows that xi � xk � �2d�1 + 1 � �1, sinced � 2. Since X(w) is step and i < k, xi � xk � 0. A contradiction. Thiscompletes the proof that X(w) "2 (d� 1) is a constant vector.In particular, Proposition 3.9 implies:Corollary 3.10. For any integer d � 2, assume both X(w) and X(w) #2(d� 1) are step. Then, either kX(w) l2 dk1 = 0 or kX(w) l2 dk1 = w2d�1.We continue with a necessary condition for X(w) #2 (d � 1) in case X(w) isstep but X(w) #2 (d� 1) is not step.Proposition 3.11. For any integer d � 2, assume X(w) is step but X(w) #2(d � 1) is not step. Then, there exists some index c, 0 < c � w � 1, such thateither (1): x0 #2 d = : : : = xc�1 #2 d = 00 : : :0 and xc #2 d = : : : = xw�1 #2d = 11 : : :1, or(2): x0 #2 d = : : : = xc�1 #2 d = 100 : : :0 and xc #2 d = : : : = xw�1 #2d = 011 : : :1.Proof: Since X(w) is step but X(w) #2 (d� 1) is not step, it follows by Propo-sition 3.1 that there exists some index c, 0 < c � w � 1, such that xi = x0 forall i such that 0 � i < c and xi = xc�1 � 1 for all i such that c � i � w � 1.It must be that x0 #2 (d � 1) = : : : = xc�1 #2 (d� 1) = 00 : : :0, since otherwisexc #2 (d � 1) = : : : = xw�1 #2 (d � 1) = xc�1 #2 (d � 1) � 1, contradicting theassumption that X(w) #2 (d� 1) is not step.We proceed by case analysis on the dth least signi�cant binary digit of x0 =: : : = xc�1. Assume �rst that this digit is 0, so that x0 #2 d = : : : = xc�1 #2 d =00 : : :0. Since xi = xc�1 � 1 for all i such that i � c � w � 1, this implies thatxc #2 d = : : : = xw�1 #2 d = 11 : : :1, as needed.Assume now that the dth least signi�cant binary digit of x0 = : : : = xc�1 is1, so that x0 #2 d = : : : = xc�1 #2 d = 100 : : :0. Since xi = xc�1 � 1 for all isuch that c � i � w � 1, this implies that xc #2 d = : : : = xw�1 #2 d = 011 : : :1,as needed. This completes our proof.



12 C. BUSCH AND M. MAVRONICOLASand �(12(2(x+ z)) � o)i� =� �x0 + 12 + 12 (i is even)� ; 0 � i � 2cx � 1�x0 � 12 + 12 (i is even)� ; 2cx � 1 < i � w � 1 ; =� x0 + 1; 0 � i � 2cx � 1x0; 2cx � i � w � 1 ;by Proposition 2.1(5) and (4).(b) Assume now that cx � cz = 1. We have:(x+ z)i = 8<: x0 + z0; 0 � i < czx0 + z0 � 1; i = czx0 + z0 � 2; cz < i � w=2� 1 ;= 8<: 2z0 � 1; 0 � i < cz2z0 � 2; i = cz2z0 � 3; cz < i � w=2� 1 ;since x0 = z0 � 1, so that12(2(x+ z))i = 8<: z0 � 12 ; 0 � i � 2cz � 1z0 � 1; 2cz � i � 2cz + 1z0 � 32 ; 2cz + 1 < i � w � 1 ;and �(12(2(x+ z)) + e)i� =8<: �z0 � 12 + 12 (i is even)� ; 0 � i � 2cz � 1�z0 � 1 + 12(i is even)� ; 2cz � i � 2cz + 1�x0 � 32 + 12(i is even)� ; 2cz + 1 < i � w � 1 ; =� z0; 0 � i � 2czz0 � 1; 2cz + 1 � i � w � 1 ;by Proposition 2.1(4) and (3).The previous case analysis reveals that the vector �122(X(w=2) + Z(w=2)) +E(w)�is step in all cases, as needed.We continue by showing a necessary condition for X(w) "2 (d�1) in case bothX(w) and X(w) #2 (d� 1) are step.Proposition 3.9. For any integer d � 2, assume both X(w) and X(w) #2(d� 1) are step. Then, X(w) "2 (d� 1) is a constant vector.Proof: Assume, by way of contradiction, that there are indices i and k, i < k,such that xi "2 (d� 1) 6= xk "2 (d� 1).



CORRECTNESS OF BALANCED NETWORKS 11(i) Assume �rst that x0 = z0 and jcx � czj = w=2 � 1. Without loss ofgenerality, let cx�cz = w=2�1. Since, by Claim 3.2(2), jcx�cz j � w=2,this implies that cx = w=2 and cz = 1, so that xi = x0 for all i 2 [w=2]and zi = x0 � 1 for all i such that 1 � i � w=2� 1. Thus, we have:(x+ z)i = � x0 + z0; i = 0x0 + z0 � 1; 1 � i � w=2� 1= � 2x0; i = 02x0 � 1; 1 � i � w=2� 1 ;since z0 = x0, so that12(2(x+ z))i = � x0; 0 � i � 1x0 � 1=2; 1 < i � w � 1 ;and�(12(2(x+ z)) � o)i� = � �x0 + 12 (i is even)� ; 0 � i � 1�x0 � 12 + 12 (i is even)� ; 1 < i � w � 1= � x0 + 1; i = 0x0; 1 � i � w � 1 ;by Proposition 2.1(3) and (4).(ii) Assume now that jx0 � z0j = 1 and jcx � czj 2 f0; 1g. Inspecting theproof of Proposition 3.5 (case 2) reveals that either x0 � z0 = �1 andcx � cz 2 f0; 1g, or x0 � z0 = 1 and cz � cx 2 f0; 1g. The two casesbeing symmetrical, we consider, without loss of generality, only the casewhere x0 � z0 = �1 and cx � cz 2 f0; 1g. We proceed by case analysison the value taken by cx � cz.(a) Assume �rst that cx � cz = 0. We have:(x+ z)i = � x0 + z0; 0 � i < cxx0 + z0 � 2; cx � i � w=2� 1 ;= � 2x0 + 1; 0 � i < cx2x0 � 1; cx � i � w=2� 1 ;since x0 � z0 = �1, so that12(2(x+ z))i = � x0 + 12 ; 0 � i � 2cx � 1x0 � 12 ; 2cx � 1 < i � w � 1 ;



10 C. BUSCH AND M. MAVRONICOLASand �(12(2(x+ z))� o)i� =8<: �x0 � 12 (i is odd)� ; 0 � i � 2cx � 1�x0 � 12 � 12 (i is odd)� ; 2cx � i � 2cx + 1�x0 � 1� 12 (i is odd)� ; 2cx + 1 < i � w � 1 ; =� x0; 0 � i � 2cxx0 � 1; 2cx + 1 � i � w � 1 ;by Proposition 2.1(1) and (2).(ii) Assume now that jx0 � z0j = 1. Inspecting the proof of Proposition 3.3(case 2) reveals that either x0 � z0 = 1 and cx � cz = 1 � w=2, orx0 � z0 = �1 and cx � cz = w=2� 1. The two cases being symmetrical,we consider, without loss of generality, only the case where x0 � z0 = 1and cx � cz = 1�w=2. Since, by Claim 3.2(2), jcx � czj � w=2� 1, thelatter equality implies that cz = w=2 and cx = 1, so that zi = z0 for alli 2 [w=2], and xi = x0 � 1 for all i such that 1 � i � w=2� 1. Thus, wehave: (x+ z)i = � x0 + z0; i = 0x0 + z0 � 1; 1 � i � w=2� 1= � 2x0 � 1; i = 02x0 � 2; 1 � i � w=2� 1since z0 = x0 � 1, so that12(2(x+ z))i = � x0 � 12 ; 0 � i � 1x0 � 1; 1 < i � w � 1 ;and�(12(2(x+ z)) � o)i� = � �x0 � 12 � 12(i is odd)� ; 0 � i � 1�x0 � 1� 12 (i is odd)� ; 1 < i � w � 1= � x0; i = 0x0 � 1; 1 � i � w � 1 ;by Proposition 2.1(1) and (2).The previous case analysis reveals that the vector �122(X(w=2) + Z(w=2)) �O(w)�is step in all cases, as needed.We continue by proving:Proposition 3.8. Assume each of the vectors X(w=2) and Z(w=2) is step andjkX(w=2)k1 � kZ(w=2)k1j 2 fw=2 � 1; w=2g. Then, the vector�122(X(w=2) + Z(w=2)) +E(w)� is step.Proof: By Proposition 3.5, either x0 = z0 and jcx�czj = w=2�1, or jx0�z0j =1 and jcx � czj 2 f0; 1g. We proceed by case analysis.



CORRECTNESS OF BALANCED NETWORKS 9norms' di�erence may only attain a value in a speci�c set, and show that certaincombinations of these step vectors are also step. We start by proving:Proposition 3.7. Assume each of the vectors X(w=2) and Z(w=2) is step andjkX(w=2)k1�kZ(w=2)k1j 2 f0; 1g. Then, the vector �122(X(w=2) + Z(w=2)) �O(w)�is step.Proof: By Proposition 3.3, either x0 = z0 and jcx�czj 2 f0; 1g, or jx0�z0j = 1and jcx � czj = w=2� 1. We proceed by case analysis.(i) Assume �rst that x0 = z0 and jcx � czj 2 f0; 1g. There are two cases.(a) Take �rst cx = cz so that jcx � czj = 0 Then,(x+ z)i = � 2x0; 0 � i < cx2x0 � 2; cx � i � w=2� 1 ;so that12(2(x+ z))i = � x0; 0 � i � 2cx � 1x0 � 1; 2cx � 1 < i � w � 1 ;and �(12(2(x+ z))� o)i� =� �x0 � 12(i is odd)� ; 0 � i � 2cx � 1�x0 � 1� 12 (i is odd)� ; 2cx � 1 < i � w � 1 : =� x0; 0 � i � 2cx � 1x0 � 1; 2cx � 1 < i � w � 1 ;by Proposition 2.1(1).(b) Take now jcx�czj = 1. Without loss of generality, let cx�cz = �1.We have: (x+ z)i = 8<: 2x0; 0 � i < cx2x0 � 1; i = cx2x0 � 2; cx < i � w2 � 1 ;so that12(2(x+ z))i = 8<: x0; 0 � i � 2cx � 1x0 � 12 ; 2cx � i � 2cx + 1x0 � 1; 2cx + 1 < i � w � 1 ;



8 C. BUSCH AND M. MAVRONICOLASjcx � czj 2 f0; 1g jcx � czj = w � 1jx0 � z0j = 0 f0; 1g fw � 1; wgjx0 � z0j = 1 fw� 1; wg f0; 1gTable 1. Summary of Propositions 3.3 and 3.5Take �rst x0 � z0 � 2. Since, by Claim 3.2(2), cx � cz � �w + 1, it followsthat w(x0�z0)+cx�cz � 2w�w+1 = w+1. Hence, it follows by Claim 3.2(1)that jkX(w)k1 � Y (w)k1j � w + 1, a contradiction.Take now x0�z0 � �2. Since, bu Claim 3.2(2), cx�cz � w�1, it follows thatw(x0� z0)+ cx� cz � �2w+w� 1 = �w� 1. Hence, it follows by Claim 3.2(1)that jkX(w)k1 � Y (w)k1j � w + 1, a contradiction. This completes our proof.Lemma 3.6 implies that either jx0 � z0j = 0 or jx0 � z0j = 1. We proceed bycase analysis.(i) Assume �rst that jx0�z0j = 0, i.e., x0 = z0. Since jkX(w)k1�kY (w)k1j 2fw� 1; wg, it follows by Claim 3.2(1) that jcx� czj 2 fw� 1; wg. Since,by Claim 3.2(2), jcx � czj � w � 1, it follows that jcx � czj = w � 1, asneeded.(ii) Assume now that jx0� z0j = 1. Since jkX(w)k1�kZ(w)k1 2 fw� 1; wg,it follows by Claim 3.2(1) that jw(x0� z0)+ cx� czj 2 fw�1; wg, wherex0 � z0 2 f�1; 1g. There are two cases.Take �rst x0 � z0 = �1 so that j � w + cx � czj 2 fw � 1; wg. Ifj�w+cx�cz j = w�1, then either �w+cx�cz = w�1, implying cx�cz =2w�1, which is not possible because, by Claim 3.2(2), jcx�cz j � w�1,or �w+cx�cz = �w+1, implying cx�cz = 1. If j�w+cx�cz j = w, theneither �w + cx � cz = w, implying cx � cz = 2w, which is not possiblebecause, by Claim 3.2(2), jcx � czj � w � 1, or �w + cx � cz = �w,implying cx � cz = 0. Thus, for x0 � z0 = �1, jcx � czj 2 f0; 1g.Take now x0�z0 = 1 so that jw+cx�cz j 2 fw�1; wg. If jw+cx�cz j =w � 1, then either w + cx � cz = w � 1, implying cx � cz = �1, orw+ cx� cz = �w+1, implying cx� cz = �2w+1, which is not possiblebecause, by Claim 3.2(2), jcx � cz j � w � 1. If jw + cx � czj = w, theneither w + cx � cz = w, implying cx � cz = 0, or w + cx � cz = �w,implying cx� cz = �2w, which is not possible because, by Claim 3.2(2),jcx � cz j � w � 1. Thus, for x0 � z0 = 1, jcx � czj 2 f0; 1g.Hence, for jx0 � z0j = 1, jcx � cz j 2 f0; 1g, as needed.Table 1 summarizes Propositions 3.3 and 3.5. For each condition on jx0� z0jalong the left side and each condition on jcx � czj across the top, the appropri-ate entry provides the range of values of jkX(w)k1 � kY (w)k1j for which theseconditions simultaneously hold, assuming X(w) and Y (w) are step.In our next two Propositions, we still consider a pair of step vectors whose 1-



CORRECTNESS OF BALANCED NETWORKS 7Proposition 3.3. Assume each of the vectors X(w) and Z(w) is step andjkX(w)k1 � kZ(w)k1j 2 f0; 1g. Then, either x0 = z0 and jcx � czj 2 f0; 1g, orjx0 � z0j = 1 and jcx � czj = w � 1.Proof: We start by proving that no case other than x0 = z0 and jx0� z0j = 1is possible regarding x0 and z0.Lemma 3.4. jx0 � z0j � 1Proof: Assume, by way of contradiction, that jx0 � z0j > 1. There are twocases.Take �rst x0� z0 > 1. Since, by Claim 3.2(2), cx � cz � �w + 1, this impliesthat w(x0 � z0) + cx � cz > w + �w + 1 = 1. Hence, it follows by Claim 3.2(1)that jkX(w) � Y (w)k1j = jw(x0 � z0) + cx � czj > 1, a contradiction.Take now x0 � z0 < �1. Since, by Claim 3.2(2), cx � cz � w� 1, this impliesthat w(x0� z0)+ cx� cz < �w+w� 1 = �1. Hence, it follows by Claim 3.2(1)that jkX(w) � Y (w)k1j = jw(x0 � z0) + cx � czj > 1, a contradiction. Thiscompletes our proof.Lemma 3.4 implies that either jx0 � z0j = 0 or jx0 � z0j = 1. We proceed bycase analysis.(i) Assume �rst that jx0 � z0j = 0 so that x0 = z0. By Claim 3.2(1), itfollows that jkX(w)k1�kZ(w)k1j = jcx�cz j. Since jkX(w)k1�kZ(w)k1 2f0; 1g, it follows that jcx � czj 2 f0; 1g, as needed.(ii) Assume now that jx0 � z0j = 1. Since jkX(w)k1 � kZ(w)k1 2 f0; 1g, itfollows by Claim 3.2(1) that �1�w(x0�z0) � cx�cz � 1�w(x0�z0).Take �rst x0 � z0 = 1 so that cx � cz � 1� w. Since, by Claim 3.2(2),jcx� cz j � w�1, it follows that cx� cz = 1�w. Take now x0� z0 = �1so that cx � cz � w � 1. Since, by Claim 3.2(2), jcx � czj � w � 1, itfollows that cx � cz = w � 1. Thus, in either case jx0 � z0j = w � 1, asneeded.We continue by showing:Proposition 3.5. Assume each of the vectors X(w) and Z(w) is step andjkX(w)k1 � kZ(w)k1j 2 fw � 1; wg. Then, either x0 = z0 and jcx � czj = w � 1,or jx0 � z0j = 1 and jcx � czj 2 f0; 1g.Proof: We start by proving that no case other than x0 = z0 and jx0� z0j = 1is possible regarding x0 and z0.Lemma 3.6. jx0 � z0j � 1Proof: Assume, by way of contradiction, that jx0 � z0j > 1. There are twocases.



6 C. BUSCH AND M. MAVRONICOLASProposition 2.1. For any integers x and i,(1): �x� 12 (i is odd)� = x;(2): �x� 12 � 12(i is odd)� = x� (i is odd);(3): �x+ 12 (i is even)� = x� (i is even);(4): �x� 12 + 12(i is even)� = x, and:(5): �x+ 12 + 12(i is even)� = x+ 1.3. Step VectorsIn this Section, we formally de�ne step vectors and show several combinatorialproperties of them. The reader may prefer to skip this Section for now, returningto it later when its results are required.We say that an integer vector X(w) is step if for any i and k, 0 � i < k � w�1,0 � xi � xk � 1 :Denote by step(Nw) the set of all step vectors with w entries. The next Propo-sition provides an equivalent condition for a step vector:Proposition 3.1 (Aspnes, Herlihy and Shavit [5]). An integer vectorX(w) is step if and only if there exists some index cx, 0 < cx � w, such thatxi = x0 for all i such that 0 � i < cx and xi = xc�1 � 1 for all i such thatcx � i � w � 1.Call the quantities x0 and cx in Proposition 3.1 the step value and step index,respectively, of the vector X(w). Clearly, the special case where the index cx isequal to w corresponds to the case where xi = x0 for all i 2 [w]. Such a stepvector is called a constant vector.Consider step vectors X(w) and Z(w) with step values x0 and z0, and stepindices cx and cz, respectively. Since, by Proposition 3.1, 0 < cx � w and0 < cz � w, it follows that jcx � cz j � w � 1; it also follows thatkX(w)k1 = cxx0 + (w � cx)(x0 � 1) = w(x0 � 1) + cx ;and kZ(w)k1 = czz0 + (w � cz)(z0 � 1) = w(z0 � 1) + cz ;so that, in conclusion:Claim 3.2. For any vectors X(w) and Z(w),(1): jkX(w)k1 � kZ(w)k1j = jw(x0 � z0) + cx � czj, and(2): jcx � cz j � w � 1.Our next two Propositions show certain interesting dependencies between twostep vectors whose 1-norms' di�erence may only attain a value in a speci�c set.We �rst prove:



CORRECTNESS OF BALANCED NETWORKS 5Extend the de�nitions for x #2 k, x "2 k and x l2 k from integers to anyvector of integers X(w) to obtain:X(w) #2 k = hx0 #2 k; x1 #2 k; : : : ; xw�1 #2 kiT ;X(w) "2 k = hx0 "2 k; x1 "2 k; : : : ; xw�1 "2 kiT ; andX(w) l2 k = hx0 l2 k; x1 l2 k; : : : ; xw�1 l2 kiT :Assume henceforth that w is a power of two and �x any vector X(w). LetX(w=2)up and X(w=2)down denote the vectors hx0; x1; : : : ; xw=2�1iT andhxw=2; xw=2+1; : : : ; xw�1iT , respectively. Let also X(w=2)e and X(w=2)o denote thevectors hx0; x2; : : : ; xw�2i and hx1; x3; : : : ; xw�1i, respectively. That is, the vec-tors X(w=2)e and X(w=2)o contain the even and odd, respectively, entries of X(w).Finally, let X(w=2)eo and X(w=2)oe denote the vectorshx0; x2; : : : ; xw=2�2; xw=2+1; xw=2+3; : : : ; xw�1iand hx1; x3; : : : ; xw=2�1; xw=2; xw=2+2; : : : ; xw�2i ;respectively. That is, the vector X(w=2)eo represents the concatenation of thevector of even entries of X(w=2)up with the vector of odd entries of X(w=2)down , whilethe vector X(w=2)oe represents the concatenation of the vector of odd entries ofX(w=2)up with the vector of even entries of X(w=2)down .Corresponding to the de�nitions for X(w=2)up , X(w=2)down , X(w=2)e , X(w=2)o , X(w=2)eoand X(w=2)oe , we de�ne index sets up[w] = f0; 1; : : : ; w=2 � 1g,down[w] = fw=2; w=2+1; : : : ; w�1g, e[w] = f0; 2; : : : ; w�2g, o[w] = f1; 3; : : : ; w�1g, eo[w] = f0; 2; : : : ; w=2 � 2; w=2 + 1; w=2 + 3; : : : ; w � 1g andoe[w] = f1; 3; : : : ; w=2� 1; w=2; w=2+ 2; : : : ; w � 2g.For a vector X(w=2) = hx0; x1; xw=2�1iT , denote by 2X (w) the vectorhx0; x0; x1; x1; : : : ; xw=2�1; xw=2�1iT ;that is, the vector 2X (w) results from X(w=2) by appending in order each of theentries of X(w=2) to itself.De�ne the vectors 0(w) and 1(w) to be h0; 0; : : : ; 0iT and h1; 1; : : : ; 1iT , re-spectively, each with w entries. De�ne also the vectors E(w) and O(w) as follows:ei = 1=2 for i 2 e[w] and 0 for i 2 o[w], while oi = 0 for i 2 e[w] and 1=2 fori 2 o[w]; that is, all non-zero entries of E(w) and O(w), the even and odd ones,respectively, are equal to 1=2.We will sometimes adopt Iverson's notation (see, e.g. [18]) and write logicalexpressions in parentheses to mean one if true and zero if false. Thus, for exam-ple, for any number x and condition P(x) on x, the quantity x+ (P(x)) is equalto either x+ 1 if x satis�es P(x) or x if x does not satisfy P(x).Our last Proposition provides elementary identities involving the ceil functionthat follow immediately from the de�nition of this function.



4 C. BUSCH AND M. MAVRONICOLAScombinatorial structure of the bitonic network. It precisely determines the com-binatorial transfer parameters [8] of the bitonic network and pins down the exactproperties of its construction that enforce these parameters to satify the condi-tions in the combinatorial characterization theorems for counting and mergingnetworks shown in [8]. Furthermore, showing that these theorems hold for thebitonic network construction reveals that the bitonic merger network, a build-ing block of the bitonic network, actually satis�es properties additional to thoseknown so far: our analysis precisely identi�es classes of inputs which, thoughnot block-step, result in a step output when �ltered through the bitonic merger.The rest of this paper is organized as follows. Section 2 introduces some de�-nitions and preliminary facts. In Sections 3 and 4, we present some mathematicalpreliminaries, in particular, some combinatorial properties of step vectors andblock-step vectors, respectively. It turns out that some of the main arguments inour later correctness proof are nothing but restatements of these general proper-ties. In Section 5, we provide an outline of the combinatorial theory of balancingnetworks presented in [8]. In Section 6, we present the bitonic network and somepreliminary properties of it, while the formal proof that the bitonic network isa counting network appears in Section 7. We conclude, in Section 8, with adiscussion of our work and directions for further research.2. De�nitions and PreliminariesFix throughout any integer w � 2; X(w) will denote the vectorhx0; x1; : : : ; xw�1iT , and dX(w)e and bX(w)c will denote the vectorshdx0e; dx1e; : : : ; dxw�1eiT and hbx0c; bx1c; : : : ; bxw�1ciT , respectively. Denoteby [w] the index set f0; 1; : : : ; w � 1g. The 1-norm function k:k1 : <w ! < isde�ned as: kX(w)k1 =Pw�1i=0 jxij.Fix an integer k � 1. For any integer x � 0, de�nex #2 k = x� j x2k k 2k;and x "2 k = j x2k k 2k :Notice that x #2 k is the integer represented by the k least signi�cant binarydigits of x, while x "2 k is the integer obtained from x by setting each of thesedigits to zero. Clearly, x #2 k + x "2 k = x. De�ne alsox l2 k = x #2 (k+1)�x #2 k = x "2 k�x "2 (k+1) = j x2k k2k�j x2k+1k 2k+1 :Notice that x l2 k is the integer represented by the kth least signi�cant binarydigit of x. Thus, either x l2 k = 0 or x l2 k = 2k�1, according to whether thekth least signi�cant binary digit of x is 0 or 1, respectively. We will sometimesabuse notation and use x #2 k, x "2 k and x l2 k to denote the correspondingbinary representations.



CORRECTNESS OF BALANCED NETWORKS 3other constructions of counting networks and their variations have been presented(see, e.g., [1, 2, 12, 13, 15, 16]), but each of the correctness proofs for theseconstructions seems to require a di�erent argument about patterns of tokenexecutions for each speci�c case.In an e�ort towards understanding how \external" properties of balancingnetworks, like, e.g., the step property on outputs, come out as a result of \in-ternal" combinatorial structure, the present authors develop in [8] a systematic,mathematical theory of the combinatorial structure of balancing networks. Theypropose a matrix representation of a balancing network which relies on its rel-ative interconnections. More speci�cally, they introduce the connection matrixand order vector to describe the relation between inputs and outputs for eachof the balancers in a layer, a balancing network of depth one.y In this way, abalancing network is represented by a collection of pairs of a connection matrixand an order vector, one pair for each layer.For a wide spectrum of properties of balancing networks, Busch and Mavron-icolas [8] provide tight combinatorial characterization theorems for classes ofbalancing networks possessing each of the properties. These characterizationstheorems provide necessary and su�cient conditions on the connection matricesand order vectors for the property to hold. In most of the cases, these condi-tions say that, roughly speaking, the network uniformly assigns the input partcorresponding to the most signi�cant digits of inputs on its output wires, whilethe property is inherited down to the network's response to the input part cor-responding to the least signi�cant digits of inputs. In turn, these conditionshave given rise to impossibility results for corresponding classes of balancingnetworks [8, Section 5], and formal algorithms to mathematically verify that abalancing network in hand belongs to a certain class of networks [8, Section 6].In this work, we present yet another application of the combinatorial theorypresented in [8]. We suggest a paradigmatic methodology for showing correctnessof general constructions of balancing networks that belong to a certain class.This methodology consists of verifying that a general construction satis�es thenecessary and su�cient conditions involved in the combinatorial characterizationtheorems for the corresponding class of networks, shown in [8].We apply our methodology on the concrete example of the bitonic networkconstruction [5]. We obtain a new proof that the bitonic network is a countingnetwork; this proof employs a routine veri�cation of the necessary and su�cientconditions involved in the combinatorial characterization theorems for countingand merging networks, shown in [8]. Although Aspnes et al. [5] already presenta corresponding proof that the bitonic network is a counting network, we feelthat our proof has some additional interesting features compared to the onein [5]: �rst, it is simple and modular, while the one in [5] is rather ad-hoc andnot so structured; most important, our proof yields signi�cant insight into theyThe depth of a balancing network is the length of the longest path from an input wire toan output wire.



2 C. BUSCH AND M. MAVRONICOLASvariable. However, empirically, the time to access a shared variable grows at leastlinearly with the contention, the extent to which concurrent processors simulta-neously access the variable.� In a seminal paper, Aspnes, Herlihy and Shavit [5]suggest a completely di�erent approach to such counting problems. Their idea isto use a collection of shared variables called balancers, each having low expectedcontention, in a way that a processor needs to access only a few variables in orderto obtain a value from the counter. Loosely speaking, a balancer can be thoughtof as a two-input, two-output toggle. When an input appears on one of its inputwires, it takes the output wire to which the toggle is set, and toggles the gate sothat the input next to come will leave on the other output wire. If the balanceris initialized so that the �rst input to pass through will exit on the top outputwire, then, after m inputs have passed through the toggle, exactly dm=2e willexit on the top output wire, and bm=2c will exit on the bottom output wire. Ona shared-memory multi-processor machine, a balancer can be implemented by asingle bit Compare&Swap variable, and a wire can be implemented by a memoryaddress pointer.One can \connect" a collection of balancers to form a balancing network,much in the same way a sorting network is obtained by connecting a collectionof comparators (see, e.g., [17]). This is done by connecting output wires fromsome balancers to input wires of others. The remaining unconnected input andoutput wires are the input and output wires, respectively, of the network. Eachrequest for a counter value corresponds to a traversal of the network by a token,starting from some input wire, following the pointer obtained by accessing the�rst balancer to the next one, and so on. Let xi and yj denote the number oftokens that have entered the network on the ith input wire and left the networkon the jth output wire, 0 � i; j � w � 1, respectively, where w is the widthof the network. A balancing network of width w is a counting network if eachtime the network becomes free of tokens, i.e., all entering tokens have exited,0 � yi � yj � 1, for any i; j, 0 � i < j � w � 1; that is, the output has thestep property. It is often only required that the output have the step propertyjust in case the input is block-step, that is, in case each of two speci�ed inputsubsequences has the step property. Networks satisfying this weaker property arecalledmerging networks, in direct analogy to corresponding comparator networksthat \merge" two sorted input sequences [17].Aspnes et al. [5] present the �rst constructions of counting networks, both withwidth 2k for any integer k � 1; these constructions have layouts isomorphic to thebitonic sorting network of Batcher [6] and the periodic sorting network of Dowdet al. [11], respectively. The correctness proof for each of these constructionshave been carried out through considering all possible executions of tokens in thenetwork; these proofs do not appear to provide much insight into any possiblestructural or combinatorial properties of these networks. Subsequently, many�The cost of contention varies according to the architecture of the system and the speci�carbitration protocols used (cf. [4]).



DIMACS Series in Discrete Mathematicsand Theoretical Computer ScienceVolume 00, 0000Proving Correctness for Balancing NetworksCOSTAS BUSCH AND MARIOS MAVRONICOLASAbstract. Balancing networks have recently been proposed by Aspnes,Herlihy and Shavit (Proc. of the 23rd Annual ACM Symp. on Theory ofComputing, pp. 348{358, May 1991) as a new class of distributed, low-contention data structures suitable for solving a variety of multi-processorcoordination problems that can be expressed as balancing problems.In a recent work (Proc. of the 13th Annual ACM Symp. on Principlesof Distributed Computing, pp. 206{215, August 1994), Busch and Mavron-icolas develop a mathematical theory of the combinatorial structure of bal-ancing networks. In this work, a paradigmatic methodology for showingcorrectness of balancing networks is developed as a direct consequence ofthis combinatorial theory. This methodology is applied to yield a trans-parent correctness proof for the bitonic counting network introduced byAspnes et al., whose layout is isomorphic to that of the classical, bitonicsorting network of Batcher; our proof provides an interesting complementto the one given by Aspnes et al. in terms of modularity and simplicity.This new use of the combinatorial theory created and tuned by Buschand Mavronicolas, along with its original uses in deriving impossibility re-sults and designing veri�cationalgorithms for balancingnetworks, strength-ens the evidence that this theory provides the right framework for a sys-tematic study of balancing networks.1. IntroductionConsider a situation where we have p producers and c consumers. The pro-ducers produce jobs at some arbitrary rate; the jobs should be performed by theconsumers. One would like to distribute the jobs as evenly as possible amongthe consumers. A very simple way to solve this problem makes use of a counter.Each time a new job is produced, the producer accesses the counter, increasesit, and places the new job in a given array according to the value obtainedfrom the counter. Consumer numbered l periodically checks the array locationsl; c+ l; 2c+ l; : : : , and whenever any of them contains a new job, the consumerperforms it. Clearly, the di�erence in the total number of jobs eventually per-formed by any two consumers is at most one.A counter can be easily implemented using a single shared Fetch&Incrementc
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