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Abstract

In this paper, we consider the problem of online prediction using expert advice. Under different
assumptions, we give tight lower bounds on the gap between the best expert and any online algorithm
that solves the problem.
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1 Introduction

The problem of online prediction using expert advice is for a predictor to predict, along with n other “experts”,
a sequence o = 01,03, ...,0¢ € {0, 1}‘. Here, the only assumptions we make are the following.

Assumption 1.1 Before predicting each o;, the predictor knows the predictions of the experts on this term.
Also, right after predicting each o;, the predictor is given the true value of this term.

Notice that we do not assume anything on possible patterns of either o or the sequences of the predictions
of the experts. The goal of the predictor is to “score” as close to the best expert as possible. We point out
that this is different from the goal that tries to predict as accurate as possible, which is a problem studied
in [1].

Next, we make the problem more precise. Suppose © = x1, o9, ..., z¢ i a sequence of predictions, made
by the predictor or by the experts. It is worth mentioning that, sometimes, terms of x might be allowed to
take any value in the interval [0, 1]. The loss of x is defined to be

4
L(z,0) = |&; — 0j.
=1

Let 7; be the sequence of predictions made by expert ¢ and let ' = {v; : 1 <4 < n}. Then
L(T,0) = min{L(y;,0) : 1 <i < n}

is the loss of the best expert. For any strategy A of the predictor,' let 74(c, ') be the sequence of predictions
generated according to .A. We measure the performance of A by the worst gap between the losses of the
predictor and the best expert. That is, by

GA(H,E) = SZTuIP (L(TA(Uv F)a U) - L(Fv U))

1Here we assume that, when predicting two sequences ¢’ and ¢/, if ¢/ and ¢’/ turn out to be the same, and the predictions
of the experts are also the same, then the strategy should generate two identical sequences of predictions. For a strategy that
generates two different sequences of predictions, due to randomization or similar reasons, we will consider it as several strategies
(under our term) and this change does not affect our discussions.



Clearly, the goal of the predictor is to minimize G 4(n,¢) over all strategies A. In this paper, we analyze
upper and lower bounds of G 4(n, ¢).

To get a lower bound, let us make the following assumption, which is more in favor of the predictor, and
thus will make the result stronger:

Assumption 1.2 The predictions of the predictor can be any real number in the interval [0, 1], while the
predictions of the experts can only be O or 1. In addition, before predicting o1, the predictor knows not only
£, but also T', the entire prediction sequence of each expert. In other words, other than the actual value of
each o, the predictor knows everything else before predicting ;.

Under Assumption 1.2, it is proved in [2] that, for all strategies A,

liminf liminf Ga(n,0)

AT >, (1.1)
n—oo  {—oo /(¢/2)Inn

We should point out that, because of the order the two limits are taken, it is assumed, implicitly, in the
above inequality that ¢ is significantly larger than n. We will see later that the situation is quite different if
{ is smaller than n.

For upper bounds, let us make a different assumption, which is less in favor of the predictor, and thus
will make the result stronger.

Assumption 1.3 The predictions of the predictor and the experts can be any real number in [0,1]. The
predictor also knows £ before predicting o1 .

Under Assumption 1.3, an online algorithm (a strategy for the predictor) A is given in [2] for which

liminf liminf Galn, )

AT . (1.2)
n—oo  f—oo /({/2)Inn

In fact, what has been proved is that, for all positive integers n and ¢, the algorithm A satisfies

Galn, 0) < gln(?? b, logQ(Z ), (1.3)

Notice that (1.3) is much stronger than (1.2) since it upper bounds G 4(n, ) for all n and ¢. Having such
a bound is important because very often, in various applications, n and ¢ are not arbitrarily large. In this
paper, we improve lower bound (1.1) in the same way.

Theorem 1.1 Under Assumption 1.2, for any algorithm A, any integer n > 2, and any € € [0, 1], if

0> 0(n) :=+/7/8 (Inn)*+8) (V2Inn+ 1) n'~¢, (1.4)
then
Galn, () 2 ( (ot ;) (1-5"— (- d), (1.5
where )
5 1 (Inn)* + 8.

V2m (V2Inn +1) nl-e - 40

First, as easily shown below, (1.1) is a consequence of Theorem 1.1, and thus our theorem is indeed an
improvement of (1.1) (in the sense that our result implies (1.1) yet it is not implied by (1.1)).

Corollary 1.1 Inequality (1.1) holds for all online prediction algorithms A.



Proof. By setting 6; = 1/(v/27(1 + v2Ilnn )n'~¢), it is straightforward to verify that

liminf liminf ———"-2— > liminf liminf (V1 —-€— —— | (1 = 6" — (1 = 6)"
n—oo  {—o0 ((/2)Inn — n—oo L—oo v20lnn ( ( ")
= liminf v1 —e(1 — 07 — (1 —61)")
=v1—g
holds for all € € (0,1), and so (1.1) follows. ]

Further remarks on Theorem 1.1.

(a)

(b)

(c)

(d)

If n =1, it is easy to see that the algorithm that copies the only expert will perform exactly the same
as the best expert and thus G 4(n,£) = 0, for all £. Because of this, we can say that the assumption
n > 2 in the theorem does not miss any interesting cases.

Inequality (1.5) still holds if we set ¢ = 0. We introduce this extra parameter because we need it in
proving Corollary 1.1.

For any € > 0, it is clear that ¢(n)/n — 0, as n — co. Therefore, the requirement ¢ > ¢(n) is more
or less the same as ¢ > n.

One may wonder if the requirement ¢ > ¢(n) can be dropped completely. For instance, one may ask if
there could exist a constant ¢ > 0, a function d(n, ) with lim d(n,¢) = 0, and such that
n—oo

Ga(n, ) > ,/“;“ (c+d(n, ) (1.6)

holds for all n, ¢, and A. Unfortunately, the answer is negative. Consider the strategy A that predicts
1/2 all the time. Then L(74(0,T),0) = £/2, for all o and I'. It follows that

N s

Ga(n,t) =sup (L(ta(o,T),0) — L(T',0)) = g - inlf L(T,o) <

o, 7,

. (1.7)

Clearly, this inequality contradicts (1.6), for every £ > 0, when n is sufficiently large. This contradiction
indicates that a condition similar to ¢ > £(n) is required to prove any lower bound of the form (1.6).

So far we have discussed the situation when ¢ is bigger than n. When £ is smaller than n, we have seen
from Remark (d) that lower bounds (1.1) and (1.5) no longer hold. Moreover, as indicated by our next
result, that upper bounds (1.2) and (1.3) are not very close to the truth either.

Theorem 1.2 For all n, £, and A, under Assumption 1.2, we have

Galn, ) > S(1— (1- 27" — (27",

By combining this result with (1.7) we obviously have the following.

Corollary 1.2 For all £, under Assumption 1.2,

lim iI}‘f Ga(n,t) = {

n—0oo 2

This result suggests that, if n is significantly larger than ¢, then the predictor cannot catch up with the
best expert. The only thing the predictor can do is to predict 1/2 all the time so that it won’t be left too
far behind the best expert.



Remaining questions. We have seen the behavior of G4(n,¢) when n and ¢ are far apart. But the
situation is not very clear when n and ¢ are very close. For instance, it would be very interesting to know
the asymptotic behavior of igf G A(2%,0), or the exactly value of irj‘f Ga(n,n).

We closed this section by giving an outline of the rest of the paper. In Section 2, we present all necessary
mathematical formulas. Then we prove Theorem 1.2 in Section 3. The proof of Theorem 1.1 will be given
in the last section.

2 Preliminaries

In this section, we present all necessary mathematical tools needed for the rest of the paper. Our first lemma
is well known and can be found in many Calculus books.

Lemma 2.1 (Stirling Formula). For each positive integer m,
m
m! =+2mm <E) e,
e

where 0, satisfies

0<0, <—.

The next lemma consists of some basic facts about normal distribution, which can also be found in most
Probability books.
L 2.2 Lot O(z) = — / =242, Th
emma 2.2 Let ®(z) = — e x. en
V2T J—so

(1) ©(0) = 1/2;
(i) ®(—z) =1—®(2), forall z>0; and

1 2
i) ®(—2) > ———€e"* /2, forall z > 0.
(it1) #(=2) = 27 (z+1) f
Lemma 2.3 Ifn > 1, then a(x) = ™ + (1 — x)" is decreasing over the interval [0, 1/2].

Proof. Sincen > 1 and z € (0, 1/2), it is clear that o/(z) = n(2"~! — (1 —2)"~!) < 0, and thus the lemma
follows. .

Lemma 2.4 For every x in [0, 1/2], we have

R S
) In(1 >r— — 4+ — — —
(i) n(l1+z)>2x 5 + 3 4,4and
(i1) ln(l—ac)z—gc——ac2 ——x?) —%

Proof. Notice that both inequalities are equalities when z = 0. In addition,

22 23 1 2t
In(1 — —_———t— ] =— -1 — 22 3= >0
<n( + ) T+ 3+4> T2 +z—z‘ 4z T+

holds for all x > 0, and thus (i) follows. Similarly,

22 23 2\ -1 x3(1 — 2x)
In(1 — ) =—— 41 293 =2 T 5
(n( x)+x+2+3+2> T, Tltetat+2 T
holds for all z € (0,1/2), and thus (ii) follows. L]



Lemma 2.5 Let x and y be nonnegative numbers. Then e™"7Y —e™¥ > —x.

Proof. Notice that the inequality is an equality when x = 0. Moreover, when taking derivative with respect
to x we have (e7"7Y —e ¥ 4+ 12) = —e ¥ 41 > 0. Therefore, the result follows. L]

Lemma 2.6 Let f(x) be a function defined on the interval [c,c + 2].

(i) If f"(x) >0 on (¢,c+2), then /C+2(f(m) — f(c+1))dz >0;
¢ c+2

c+1
(i) If f"(x) <0 on (c,c+2), then/ (f(x)—f(c))dz+/ (f(x) = f(c+2))dx > 0.

+1

X1 —|—132

1 1
Proof. If f”’(x) > 0, then f(x) is convex and thus = f(x1) + if(ﬂiz) > f( ) holds for all 1, x5 in

2
[c, ¢ + 2]. Consequently,

c+2

c+2 c+1
/ (f(2) - fle+1))de = / (f(2) - fle+1))de + / (f(2) - fle+1))de

+1

c+1 c+1
:/ (f(;z:)ff(chl))der/ (F2e+2—a) — fle+1))do

c+1
= (f()+ f(2c+2—2)—2f(c+1))dx

as required. On the other hand, if f”(z) < 0, then f(z) is concave and thus, for all 21,z € [c,c+ 2] and all
A € [0,1], we have f(Az14+(1—=X)z2) > Af(x1)+(1—=X)f(z2) and f((1=N)z1+Az2) > (1—N)f(z1) +Af(22).
Let © = Ax1+(1—\)z3. Then adding the last two inequalities gives us f(z)+ f(x1 + a2 —x) > f(x1)+ f(x2).
Now it is clear that

c+1 c+2
/ ((2) - F(e))de + / (F(2) - fle+2))dx

+1

c+1 c+1
/ (F(2) — f(c))dx + / (F2e+2— ) — flc+2))dx

>0,
and thus the lemma is proved. [
2442
Lemma 2.7 The inequality 22 > max{5022, 4(8z* +1)} holds for all z > 0.
-2z

Proof. It is easy to see that, for z > 0,

482" +1) 0<z<m
max{5022, 4(8z* + 1)} = { 5022 a1 <z<a
4824 +1) ap<z< o0

where a3 = /(25 —v/497)/32 =~ 0.2908 and ap = /(254 v/497)/32 ~ 1.2157 are the only two positive

solutions to the equation 5022 = 4(8z% + 1). Therefore, to prove the Lemma, we only need to prove the
following three claims.

Claim 1. 2* +2 > 4(82% + 1)®(—22), for z € (1,00).
Claim 2. 2% +2 > 4(82% + 1)®(—22), for z € (0,0.3).
Claim 3. 2% +2 > 5022®(—2z), for z € (0, 0).



Since ®(z) is an increasing function and ®(—2) ~ 0.02275, it follows that
4(82 + 1)®(—22) < 4(82 +1)-0.025 = 0.82 + 0.1 < 2* + 2,

and thus Claim 1 is proved. To prove Claim 2, let

2442
Then
V2 (84?1520
f/(Z) = 3 s
(1 + 82%)%e2
and
p (4\/% (14 821)% 4 152(3 — 4024)¢>" )
f//(Z) — )

(1 + 824)3¢2%*

For each z € (0,0.3), it is easy to see that 3 — 40z* > 0, and so we have f”(z) < 0. Consequently, f’(z) is a
decreasing function, which implies that

f(z) 2 min{f(0), f(0.3)} = f(0) =0,

for all z € (0,0.3), which proves Claim 2.
We prove Claim 3 by considering three intervals, (0,0.73), [0.73,0.8], and (0.8,00). If z € (0.8,00), we
deduce from ®(—2-0.8) = 0.0548 < 0.056 that

2242 - 50220(—22) > 21 +2 - 2822 = (22 —1.4)2 + 0.4 > 0,
and thus the desired inequality holds. Next, let

()_z4—|—2
IV = e

Then g(z) is a decreasing function, over [0.73,0.8], since ¢’(z) = —0.04(2 — 2%)/23. Recall that ®(z) is an
increasing function. Therefore, for z € [0.73,0.8],

g(2) > g(0.8) = 0.0753 > 0.0721 ~ &(—2- 0.73) > &(—22),

which is what we want.
It remains to prove z* + 2 > 5022®(—2z), over (0,0.73). In the remainder of this proof, we assume that
z belongs to (0,0.73). Let

hi(z) = 2% 4+ 2272 = 500(—22) and  ha(z) = 22° —5lnz.

Then 100 400
Ri(2) =22 — 423+ ——e 2 pl(z)=2+12"4— z672227
1( ) m 1( ) m
and
hy(2) = 5 — 422
2(2) = P

Clearly, h5(z) < 0, which implies that ho(z) is a decreasing function. Consequently,

400
ha(z) > hy(0.73) &~ 2.63935 > 2.58762 ~ In ———

12427



which implies
400z°

12271

400 12 40025
W(z) > 12274 - T2 = (&*’ - ) >0,
V2T zres? 1227

which implies that k) (z) is an increasing function. Notice that h}(0.5) ~ —6.8 < 0 and 2} (0.6) = 2.1 > 0. It
follows that h{(z) = 0 has a unique solution, say zp, which means that h;(z) achieves its minimum at z¢. To
complete our proof, we only need to show that hy(z9) > 0. For this, we apply Taylor’s Expansion Theorem
to hi(z) at z = 0.56. We have

222> 1n

Therefore,

hy(z) = h1(0.56) + h/ (0.56)(z — 0.56) + %h’l’(ﬁ)(z —0.56)2,

where ¢ is a number between z and 0.56. Since h}(0.56) ~ —0.35 < 0, we conclude that zy is between 0.56
and 0.6. Now, from hf(z) > 0 and h;(0.56) = 0.123 we deduce that

hi(20) = h1(0.56) + 1} (0.56)(20 — 0.56) > 0.116 — 0.4(0.6 — 0.56) = 0.1 > 0,

which competes our proof of the Lemma. ]
The last is another technical lemma, which we will use in the last section.

e)\:v

V91— px

Lemma 2.8 Let A and p be positive numbers and let g(x) =
1 2 }
48\ 2517

1 116N + g)x. Then g(z) < 0

if 0 < 2 < min{

Proof. Notice that g(0) =0 and

Az 1/48
’ e 1 12 e jz iz
= —— (N1 - N—-116A+5) < ——— A+ =) - 1.16(0+ =) <.
0 (@)= M )+ 5) = 1160+ ) < s (o ) - L1604 ) <0
Thus the result follows. n

3 Proving Theorem 1.2

It is clear from the definition of G 4(n,¢) that, in order to prove a lower bound, we only need to find one
sequence ¢ and one set I' of sequences, for every A, such that L(74(0,T),0) — L(I', o) is greater than or
equal to the lower bound. Since there are too many choices for A, it is difficult (or may be impossible) to
choose ¢ and I'. The way to solve this problem is to use probabilistic method.

Recall that, under Assumption 1.2, the predictions of the experts must be 0 or 1. Suppose each expert
makes prediction by tossing, independently, a fair coin. In addition, suppose the outcome o is also determined
by tossing a fair coin. In the following, we establish a lower bound on the expected gap between the losses
of any A and the best expert. Then we prove Theorem 1.2 using this bound.

For each i = 1,2,...,n and j = 1,2,...,¢, let X;; be the random variable such that X;; = 0, if the
prediction of expert i on o, is correct, and X; ; = 1, if this prediction is wrong. Then it is not difficult to
verify that X = {X;; : 1 <i<n and 1 < j </} is a set of mutually independent random variables
with P(x; ; =0) = P(X;; =1) =1/2. Foreachi=1,2...,n, let S; = X; 1 + X, 2 + ... + X, ¢, which is the
number of mistakes made by expert ¢. It follows that the number of mistakes made by the best expert is

S = min{Sl, SQ, ceey Sn}



Lemma 3.1 For all j =0,1,...,¢, let p; = p;({) = 27" (f) Then

n

14

L
E[S) =Y Dj

=1 Jj=t

Proof. If x is a nonnegative integer not exceeding ¢, it is clear that

n J4
P(S>a)=P(S) > 28 > a;.;8 > o) = [[P(Si =)= (D _pi | ,
=1 j=x
and so,
¢ " ¢ "
P(S=z)=P(S>x2)—P(S>z+1)= ij — ij
Jj=x Jj=z+1
Therefore,
¢ ¢ " ¢ "
ElS]=2 = || 2P > P
=0 j=x j=z+1
¢ ¢ A ¢ "
=2 w|m] —2e|l Xm
z=1 j=x =0 j=x+1
¢ ¢ " ¢ "
Y (Sn) - a0 (e
z=1 Jj=x =1 j=x
¢ ¢ "
=2 (2w
=1 \j=x
and the lemma is proved. [

Lemma 3.2 Under Assumption 1.2, for all n, ¢, and A, we have G 4(n, ) > G(n, ), where

¢ ‘ "
> (D] - (3.1)
i=1 \ j—=i

Proof. For each j =1,2,...,¢, let Y; be the outcome of o;. Here, we assume that Y = {Y; : j =1,2,...,¢}
is a set of mutually independent random variables with P(Y; = 0) = P(Y; = 1) = 1/2. For any algorithm
A, let 74(Y,X) = 11,72, ..., 7¢. Notice that, for each j,

G(n,0) =

N~

T; 1—7; 1
Bl -l =2+ = 2

Therefore, E[L(174(Y,X),Y)] = ¢/2. Also notice that E[L(X,Y)] = E(S), so, from Lemma 3.1, we deduce
that E[L(tA(Y,X),Y) — L(X,Y)] = G(n,{). Consequently, for some special values of J and X, say o and
I', we must have L(74(0,T"),0) — L(T',0) > G(n, ), and thus the lemma follows. m

For each i =1,2,....4 + 1, let

P =P(t) = i p;(0). (3.2)
§j=0



L€/2]
- Z (1=PR)"+ P") — A(n,£), where

i=1

Lemma 3.3 For all n and ¢, we have G(n,l) =

N s

0 if £ is even,

Aln,6) = {1/2n if £ is odd.

Proof. From (3.1) it is clear that

n

g 2 " ¢ ¢
G(’I’L,Z) = 5 - ij - Z Zp] - A(nag)
i=1 =1 i=[e/2]+1 \ j=1
’ ey , (3.3)
; [£/2] i—1 L L
= 5 — 1-— pj — Z ij 7A(Tl,€)
i=1 j=0 i=[e/2]+1 \ j=i

Notice that, by setting i’ = £+ 1 —1, 7/ = £ — j, and using py = p¢_x, we have

¢ eo\" L ¢ T i "ol fio \"
> xm) =l X om) = (] =2 (2]
i=[L/2]+1 \j=i =1 \j=t+1—4 i'=1 \j'=0 i=1 \j=0
and thus the lemma follows from (3.3) and (3.2). ]

Proof of Theorem 1.2. In / is even, by Lemma 3.2, Lemma 3.3, and Lemma 2.3, we have

1 1

Galn,0) 2 (1= 50" + ()"

¢
2

N o
N~

¢/2
=Y Py P =

and the result follows. If £ is odd, a little extra effort is needed. When ¢ = 1, it is straightforward to verify
from (3.1) that
1 1 1 1 1
E - - _ = 1_ 1_777,_ ~\n
Gl ) = 5~ 5 =5 (1= (1= )" = (5",
and thus the theorem holds in this case. When ¢ > 3, again, using Lemma 3.2, Lemma 3.3, and Lemma 2.3,
we have

Ga(n,l) > { — (6_213/2((1 —P)"+ P") — A(n,?)
25 2
— - ) G - 5
> S (L= )" = () 3 (= )" + () — ()"
> - (1 )~ ()
The theorem is proved. -

4 Proving Theorem 1.1

We prove the theorem by proving a sequence of lemmas. Our starting point is Lemma 3.2. In the rest of
the paper, let z be a positive number and let

a= [521 - z\/ﬂ . (4.1)



1
Lemma 4.1 For every positive integer £, we have G(n,t) > (5 —a) (1 —a(P,y1)), where « is the function

defined in Lemma 2.5.

Proof. It follows from Lemma 3.3 and Lemma 2.3 that

) L
G(n,0) = 5~ Z a(P;) — A(n, £)
a L£/2]
=z g —a—(|£/2] — a)a(Pyq1) — A(n, L).

The lemma clearly holds if ¢ is even. When ¢ is odd, using the fact that A(n, ¢) = «(1/2)/2, we deduce from
(4.2) and Lemma 2.3 that

The lemma is proved. L]

Next, we need to approximate each p; and then P, 1.

l
Lemma 4.2 Let j < £/2 be a nonnegative integer and let h = 5~ j. If 4h < £, then

_9p2 1, 2n*
p; < 2 exp( 2h )exp(m - 353)7
V e RN e CTTE

Proof. By Stirling’s formula, we have

Y, 14
ol (=) €/(20
b= /! < e
TN = )2t = N NG
JNC = j
(=) i (1) Vam—g) (=L))o (4.3)
(& (&
, .
_ ! ¢ <£>] <€> gevery
2r \[ J(C—7) \25/) \2({—))
First, it is clear that
‘o ‘ 2 1 (1.4)
3 —4) <€h> (Qh) Vi \/T=(2h/0)? '
2 2



Then, when 4h < ¢, we deduce from Lemma 2.4 that

() () -2 ()

(B (2 e

S U R TE R (et T
2h  2h? 8h3 3 4h* (4.5)
= (—2h) S 4 0T (—2h) e 4 (24— h)—— :
(=2h)— + b+ (=2h) 55 + (50— h) =5
e
! 33 4
e o
- ! 303
and thus the lemma follows from (4.3), (4.4), and (4.5). L]

/ /
Lemma 4.3 Suppose 3~ P2V <5< 3 and ¢ > 1622. Then

[ 2 a2
p; < (1+0) — e (6=25)7/(26)

4
exp( 8Z124z;1)

_ 422
¢

L
Proof. Let h = 3~ 4. Then we have 4h < 420 = v/1622¢ < ¢ and so Lemma 4.2 applies. Notice that
—2h2 /0 = — (£ —25)?/(2¢), and

where

5= ~1

L4 Z\/> 4
eXp(ﬁ + %’7) < exp(ﬁ + 2(%3[) ) 541
Thus the result follows from Lemma 4.2. n
20
Lemma 4.4 If { > 1622, then P,1 > (1+ ) <<I)(2z) - \[2—;33) - g
e
Proof. Let 1
_ —zz/(QZ)
T) = ——¢
W) = ot

and let b= [£/2] —a — 1. We first consider the case when ¢ is even. Since

4

§=0
and p; = py—;, for every j =0,1,..., (¢ —2)/2, it follows that

: Dj 2p€/2 =5
7=0

11



By (3.2) and Lemma 4.3, we have

1 (6=2)/2
Poy1 = Zpg— 51%/2* Z Py
j=a-+1
1 (¢-2)/2
> 5= (1+06(0) —201+5) D é(f—2j) (4.6)
j=a+1

=(1+0) (—¢> —2Z¢2])_§,

Observe that, by Lemma 2.2 and (4.1),

2b+1
L 600 —2Z¢zg —@+ )V + [ ol =g —2Z¢2j>
(4.7)
2b+1
> &(—22) +/O P(z)dz — ¢ f22¢> 25).
Let 2k be the largest even integer not exceeding v/¢. Then
2b+1 b
A= / z)dz — ¢(0) — 2 $(2))
j=1
k—1 2541 2j+2
> ( / 0 o+ [ (8(0) - o024 + 2
j=0 \V2i 2+t (4.8)
2k+1 2k+2
+ [ @) R [ (o) - o2k + 2)do
2k 2k+1
2k+3 b—1 2543 '
« iy (00 0k 2l 5 / L 6@ —60) 42

It is straightforward to verify that ¢”(z) < 0 over (0,v/¢), and ¢”(z) > 0 over (v/£,00). Thus we conclude
from Lemma 2.6 and the fact that ¢(z) is decreasing on (0, c0) that

2k+2

2k+1
A>0+ / (6(2k +1) — $(2k))da + / ((2k + 2) — $(2k + 2))dz

k 2k+1

2k+3
+/2k+2 ($(2k + 3) — $(2k + 2))dz + 0 (19)

= (0(2k + 1) — ¢(2k)) + (¢(2k + 3) — ¢(2k + 2))

1 4k2  Akt1 4k2 _ (2k+2)?  4k45 _ (2k+2)?
(6 20 T2 — e 22)—|—(€ 27 20 — e 27 ) .

- \2ml

By Lemma 2.5, it follows that

s L (_4k+1_4k+5)__4k+3>_2\/2+3
T V2l 20 2¢ Vored = \ome3

and thus the lemma follows from (4.6), (4.7), (4.8) and (4.9).
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The situation for odd ¢ is similar. First,

a L
Pa+1:ij:§_ Z pj
3=0 j=a+1
) (e-1)/2
>5-201+0) > e(l—2j)
j=a+1
1 b
=5 —2(1+5) 2 $(2j — 1) (4.10)
iz
1 b 3
=(1+5) (2 —2) 0(2 - 1)) -3
j=1

2b

SIS

0

b
> (1+ ) (@(—2z)+ $(a)dr =2 $(2) — 1)) -

j=1

Let 2k + 1 be the largest odd integer not exceeding v/¢. Then

2b b
B::/O ¢(q;)dx—2;¢(2j—1)

2j+3

-/ 1(¢(:C)¢(1))dx+j_z(l)( [ ) - oty v e [

j+1 242

(6(x) — 62 + 3>>dx>

2k+3

2k+2
+ /2 (¢p(x) — d(2k + 1))dx + / (p(x) — d(2k + 3))dx

k+1 2k+2
(4.11)

2k+4 b—1 2i+2
+ / (6(2) — 62k + B)da + 3 / (6(x) — B(2) + 1))da

k+3 k2’2
> ((2k +2) — ¢(2k + 1)) + (6(2k + 4) — #(2k + 3))
4k +5
a 2703
VI+3
V2B

Therefore, by (4.10) and (4.11), the lemma also holds for odd ¢. The proof is complete. [

Y

Vv
)

2442

Lemma 4.5 Suppose { > max{5, (2* +2)/®(—22)}. Then P11 > ®(—22) 7

Proof. By Lemma 2.7, we have £ > 1622. Also observe that

2242

524302 2Vi+3
]

Vo2 T \erez \2r3

Thus the lower bound in Lemma 4.4 can be simplified as

®(—22) > >

~EN

>

Wi+3 3
-5 7 (4.12)

Pa+1 2 @(—22)
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By taking A = (82* +1)/12, u = 422, and x = 1/¢, we deduce from Lemma 2.8 and Lemma 2.7 that

8z +1 5\ 1
<1.16 2 —.
B < ( 19 + 2z ) 7
Therefore,
2 111 2+ % 11 449
ﬂ+3+é§, LI6 4624 o8 6 L2
V23 274 3 V2 12 14
and thus the lemma follows from (4.12). ]

Proof of Theorem 1.1. We first prove that the assumption ¢ > ¢(n) implies ¢ > max{5, (2*+2)/®(-22)},
if we take

(I1—¢€)lnn

—

Notice that £(2) > \/7/8 ((In2)? +8) (v2In2 + 1) ~ 11.6 and thus ¢ > 5 holds. Furthermore, by Lemma
2.2, we have

z =

z4 42 4 9,2
< 2)V2m (2 1 i
5(—22) <(EZ"+2)v2m (2z4+1) e
1—e)nn)\’

_ (<<§)n”) + 2) Var (Ve = mn+1) n'—*

< /L(n).
Therefore, the assumptions in Lemma 4.5 are satisfied. Consequently, by Lemma 2.2 again, we have

4
2
Poir > ®(—22) — = Z
S =2’ _ 24 42
RV l
2 (22 + 1) (4.13)
((176) lnn)2
1 2 +2

V2r (V2(1—€)Ilnn+1) nl—e 14

> 9.
In addition, from (1.4) it is clear that ¢ > 0. Thus we deduce from Lemma 4.1 and Lemma 2.3 that

L 1
G 0) > (5 = a)(1 — a(8) > (v = 3)(1 ~ a(d))

The proof is complete. [
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