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CHAPTER GOAL

ƒ Introduce the depth-Œrst traversal ofundirectedgraphs.

ƒ Show three important applications:

- A l inear O(|V| + |E|) algorithm for determining the con-
nectedness of a graphG, where |V| = #(vertices inG) and
|E| = #(edges inG).

- Detection of regions in a binary-image.

- A l inear O(|E|) algorithm for determining the bicompo-
nents of a connected graphG.

ƒ Introduce the depth-Œrst traversal ofdirectedgraphs.

ƒ Show two important applications:

- A l inear O(|V| + |E|) algorithm to determine all nodes
reachable from a given node.

- A l inearO(|V| + |E|) algorithm for determining the strong
components of a digraph.
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GRAPH CONCEPTS

Graph

Elementary
(Local) Concepts

Node

Edge

Adjacency
Relation

Global Concepts

Cycle

Path
Reachability

Relation

Connected
Component

Biconnected
Component

Cut-vertex

Tree of
Bicomponents
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GRAPHS AND THEIR REPRESENTATION

Graph G = (V, E):

· V = the set ofnodes(vertices), and

· E = { (x, y): x, y Î V andx ¹ y} i s a set ofedges(links).

· The edges (x, y) and (y, x) are considered the sameundi-
rectededge, joining the nodesx and y. We say the nodesx
andy areadjacentif ( x, y) Î E.

· degree(x) = #(edges adjacent tox); Sdegree(x) = 2.|E|.

0

1 2

34

5

A graph with 6 nodes and 4 edges.
Node 0 has no edges adjacent to it.

Adjacency-list Representation:

· 3!´ 2!´ 2! = 24 possible combination of adj-lists orderings.

0node 0

degrees̄ Adjacent nodes®

31
22
23
04
15

2 3 5
1 3
1 2

1

typedef struct { int degree, *adjNodes; //arraySize = degree
} GraphNode; //this suffices when graph does not change

int numNodes;
GraphNode *nodes; //array-size = numNodes
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A PROGRAM T O READ AN INPUT GRAPH
//cc class/algo/c/readGraph.c
//Contact kundu@csc.lsu.edu for comments and questions
//Below is a sample input file: graph.dat
// 6 //numNodes; nodes are numbered as 0, 1, 2, ...
// 0 (0): //nodeNum, degree, adjNodes
// 1 (3): 2 3 5
// 2 (2): 1 3
// 3 (2): 1 2
// 4 (0):
// 5 (1): 1

#include <stdio.h>
#define INPUT_FILE "graph.dat"

typedef struct {
int degree, *adjNodes;

} GraphNode;

int numNodes, PRINT_SPACE;
GraphNode *nodes;

void PrintIntVector(int *vector, int size)
{ i nt i;

for (i=0; i<size; i++)
printf(" %*d", PRINT_SPACE, vector[i]);

printf("\n");
}

void SkipToEndOfLine(FILE *fpInp)
{ w hile (getc(fpInp) != '\n');
}

void ReadInput() //create graph
{ i nt i, j, nodeNum;

FILE *fp;
if (NULL == (fp = fopen(INPUT_FILE, "r")))

{ f printf(stderr, "Cannot open %s\n", INPUT_FILE); exit(1); }
fscanf(fp, "%d", &numNodes); SkipToEndOfLine(fp);
nodes = (GraphNode *)malloc(numNodes * sizeof(GraphNode));
for (i=0; i<numNodes; i++) {

fscanf(fp, "%d", &nodeNum);
fscanf(fp, " ( %d ): ", &nodes[nodeNum].degree);
nodes[nodeNum].adjNodes = (int *)malloc(nodes[nodeNum].degree*sizeof(int));
for (j=0; j<nodes[nodeNum].degree; j++)

fscanf(fp, "%d", &nodes[nodeNum].adjNodes[j]);
SkipToEndOfLine(fp);

}
fclose(fp);
printf("numNodes = %d\n", numNodes);
printf("nodeNum (degree): adjNodes\n");
PRINT_SPACE = (numNodes < 10) ? 1 : 2;
for (i=0; i<numNodes; i++) {

printf("%*d (%*d):", PRINT_SPACE, i, PRINT_SPACE, nodes[i].degree);
PrintIntVector(nodes[i].adjNodes, nodes[i].degree);

}
}

int main() { ReadInput(); }
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SOME GRAPH-COMPUTATION PROBLEMS

1? Statean algorithm for generating all graphs withn nodesV
= {1, 2,×××, n} and m edges. Explainthe steps for the exam-
ple graph (n = 4 and m = 3) below. How many such graphs
are there?

1

2 3

4

How is this problem related to the problem of generating
binary strings of a given length and a given number of
ones?

2? Show all such graphs withn = 4 nodes andm = 3 edges;
here node labels are important and thus the graphs below
are considered to be different (although they are isomor-
phic, i.e., they differ only in node labels).

1

2 3

4 1

2 3

4

Tw o different but isomorphic graphs.

Show all non-isomorphic graphs withn = 4 nodes andm =
3 edges.

3? Statean algorithm for generating a random graph withn
nodes andm edges. (We can use such an algorithm to test
the average computation time of an algorithm to determine
the connectedness of a graph.)
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PATHS AND CYCLES IN A GRAPH

Path p (x, y) = áx, x1, x2, ×××, xn, yñfr om x to y:

· Each (xi , xi+1) Î E, where x0 = x and xn+1 = y; x = start-
node andy = end-node. Usually, all xi will be distinct.

1

2 3

45

6

Tw o acyclic-paths from 3 to 6:
· p1 = á3, 2, 6ñ
· p2 = á3, 4, 2, 6ñ

Cycle: A path starting and ending at the same node.

Connected Graph:There is anxy-path for eachx andy, x ¹ y.

The Maximally and The Minimally Connected Graphs:

· Complete Graph KN : A graph with N = |V| nodes and
N(N - 1) / 2= |E| edges connecting every pair of nodes.

1

2 3

4 K4 with N = 4
vertices and 6 edges.

· Tr ee: An acyclic connected graph.

Spanning TreeT of G: It hasV(T) = V(G) and E(T) Í E(G).

1

2 3

45

6
(i) A connected graph

G with cycles.

1

2 3

45

6
(ii) A spanning tree ofG; it has a
unique pathp (x, y) for any x ¹ y.

Question:How many spanning trees does the aboveG have?
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SUBGRAPH AND CONNECTED COMPONENT

SubgraphGS = (S, ES) of G on verticesS Í V:

· ES = { (x, y) Î E: both x andy Î S}.

· If S = Æ, GS is the empty graph with no nodes and edges.

1

2 3

45

6

(i) A graphG.

1

2 3

4

(ii) The subgraph on
S = {1, 2, 3, 4}.

Question: How many subgraphs does the aboveG have?

Connected component(in short,component):

· A maximal connected subgraphGS of G.

· "Maximal" means that forS¢ ÉS, GS¢ is not connected.

- S = {1, 5} and {2, 3, 4, 6} give two components ofG
above.

- S = {2, 3, 4} is not a component thoughGS is connected.

- Only 15 of the 63 non-empty subgraphs ofG above are
connected.

Question:Which of the following is true?

·? Thecomponent ofG containingx is given by the subgraph
on S(x) = { y: y = x or there is anxy-path inG}.

·? Two components of a graphG have no node in common.

·? G is connected if and only if it has one component.
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DEPTH-FIRST TRAVERSAL OF A GRAPH

Thr ee Basic Operations:

· Move forward. Given a start-nodes, follow an edge (y, z)
from the current nodey to reach anew node z not visited
before and make z = new current node.The chain of these
links (y, z) form a unique path froms to each node visited.

· Backtrack. When there is no such (y, z), we backtrack from
the current nodey to the previous nodex on thesy-path, and
look for an edge (x, y¢) to a new nodey¢not visited yet.

· Terminate. Backtracking froms terminates the traversal.

Depth-First Tree: A rooted ordered tree with root = start-node.

Example. dfLabel(y) = i (³ 1) meansy is theith node visited.

A

B J

KL adj(A) = (B, J, K, L), adj(B) = (A), adj(J)
= (A, K), adj(K) = (A, J), and adj(L) = (A).
The bold edges show the depth-®rst tree; root =A.

·

·

Edges (y, z) at y are visited in the order ofz Î adj(y).
at A at B at J at K at LCurrent nodey

A, dfLabel(A) = 1  (A, B)
B, dfLabel(B) = 2  (B, A)
backtrackB® A (A, J)
J, dfLabel(J) = 3  (J, A)

(J, K)
K, dfLabel(K) = 4  (K, A)

(K, J)
backtrackK® J
backtrackJ® A (A, K)

(A, L)
L, dfLabel(L) = 5  (L, A)
backtrackL® A
backtrack fromA
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DEPTH-FIRST TREE

df-Tree: A rooted ordered tree, with root = start-node and the
edges {(x, y): y is reached ®rst time via edge (x, y)}.
Children of a node are ordered by their dfLabels.

Example. A connected graphG and a df-tree for it.

A

B J

KL A/1

B/2 J/3

K/4

L/5
The arrows indicate
the direction of ®rst
visit to the edges.

Properties of df-Traversal of A Connected Graph:

· Each edge of the graph is visited once in each direction.

- A tree-edge is ®rst visited from parent to child.

- a non-tree edge (x, y) is ®rst visited from a nodex to an
ancestory of x (hence called aback-edge). Test for
back-edge:y ¹ parent(x) and dfLabel(y) < dfLabel(x).

- No cross-edge (x, y), wherey is not a descendant or an
ancestor ofx.

· The df-Tree depends on both the start-nodes and the node-
order in each adjacency-list adj(x).

· The df-tree is a spanning tree ofG only if G is connected.

· #(backtrackings tox) = #(children ofx) £ degree(x).

Question: List all possible df-trees for the above G ands = A.
Is there a spanning tree ofG which is not a df-tree?



2.11

A L ARGER EXAMPLE OF DF-TRA VERSAL

· The number of times we backtrack to a nodex = #(children
of x in the df-tree). Note: backtracking is not the same as
visiting a tree-edge the second time (from child to parent).

Example. Each adj(x) is assumed ordered alphabetically as in
adj(A) = áB, I , J, K, Lñ. The number and the arrow
next to an edge in the ®gure on the right show the
order and the direction of ®rst visit of that edge.

A

BI

H

C D

F

G

E

J
K

L

M

(i) A connected graph.
E

G
9

D
8

F
5

C
4

6

H
3

7
10

B
2

I
12

14

A
1

13

J
15

K
16

17 L
18

M
11

(ii) The df-tree for start-nodes = A.

Question: Let (y1, x) and (y2, x) be two backedges tox and
d•abel(y1) < dfLabel(y2). Considerthe four traver-
sal-events of these edges in different directions:e1 =
y1® x, e2 = x® y1, e3 = y2® x, and e4 = x® y2.
What are the possible orders in which these events
can occur (only a few out of 4! = 24 are possible)?
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PSEUDOCODE FOR DF-SEARCH

Notations:

nextToVisit(x) =  The node in adj(x) to visit next from x.
parent(x) =  Parent ofx in df-tree; parent(x) = x if x = root.

dfLabel(x) = k (³ 1) if x is thekth node visited.
currNode =The node at which we explore a new edge.

lastDfLabel = Most recent df-label assigned (to some node).

Algorithm DF-SEARCH: //non-recursive form

Input: The adjacency-lists adj(x) and a start-nodes.
Output: The df-tree via parent(x) of each nodex visited.

1. [Initialize.] For (each nodex), let dfLabel(x) = 0 and next-
ToVisit(x) = the ®rst item of adj(x). Also, let currNode =
parent(s) = s and dfLabel(s) = lastDfLabel = 1.

2. [Move forward.] While (nextToVisit(currNode) ¹ null) do
the following:

(a) Let temp = nextToVisit(currNode) and update nextTo-
Visit(currNode) to the next node in adj(currNode).

(b) If (dfLabel(temp) = 0), then let parent(temp) = currN-
ode, currNode = temp, and dfLabel(currNode) = lastD-
fLabel = lastDfLabel + 1. (Otherwise, (currNode,
temp) is an edge from a node to its parent, or a back-
edge, or a forward non-tree edge, i.e., a back-edge in
the reverse direction.)

3. [Backtrackor terminate.] If (currNode¹ parent(currNode)),
then currNode = parent(currNode) and goto step 2, else stop.
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DATA-STRUCTURES FOR BUILDING
DF-TREE

Problem: The parent-information does not allow us to access
the nodes of the df-tree starting ats = root(df-tree).

Solution: Set child-pointers and brother-pointers along with
parent-information for each node visited.(We may
create separate nodes for the df-tree or build the
pointers within the graph-nodes.This also holds for
the recursive version of DF-SEARCH given later.)

Node-structure for a Rooted Ordered Tree:
typedef struct TreeNode {

int node;
struct TreeNode *parent, *leftBroth, *rightBroth,

*firstChild, *lastChild;
} T reeNode;

nodex

parent(x)

left-
Brother(x)

right-
Brother(x)

®rstChild(x) lastChild(x)

Example.Here, ®rstChild(J) = lastChild(J).

A

B J L

K

Shown are only the
non-null pointers.
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A RECURSIVE VERSION OF DF-SEARCH

Notes:

· Backtracking corresponds to return from the recursion.

· The lastDfLabel and the array dfLabels[1..N] can bestatic in
DF-SEARCH; nextToVisit[1..N] is not used.

· The recursive-call at x creates the subtree of df-tree atx as
we build the df-tree via child-pointers, etc.

Algorithm DF-SEARCH(currNode): //®rst call: currNode =s

Input: The adjacency-lists adj(x) and the start-nodes.
Output: The df-tree, with root =s.

1. [Createdf-tree node.] Create currTreeNode in df-tree for
currNode. If(lastDfLabel = 0), then initialize dfLabel(x) = 0
for each x and let parent(currTreeNode) = currTreeNode.
Now, let dfLabel(currNode) = lastDfLabel = lastDfLabel + 1.

2. For (each nodex in adj(currNode)) do the following:
If (dfLabel(x) =  0) then add the root-node (which corre-
sponds tox) of the subtree returned by DF-SEARCH(x)
as the next child of currTreeNode.

3. Return(currTreeNode).

Complexity: Q(|V| + |E|) = Q(|E|) for a connected G; other-
wise,O(|E|).

· An edge (x, y) is examined at most once in each direction.

· A constant amount of work per nodex (assigning dfLa-
bel(x), addingx to the df-tree, and backtracking fromx).
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ILLUSTRA TION OF THE RECURSIVE
DF-SEARCH

A

B J

KL

parent(A) = A
dfLabel(A) = 1
= lastDfLabel

DF-SEARCH(A)

dfLabel(B) = 2
= lastDfLabel

DF-SEARCH(B)

parent(B) = A

dfLabel(J) = 3
= lastDfLabel

DF-SEARCH(J)

parent(J) = A

dfLabel(K) = 4
= lastDfLabel

DF-SEARCH(K)

parent(K) = J

dfLabel(L) = 5
= lastDfLabel

DF-SEARCH(L)

parent(L) = A

· #(calls to DF-SEARCH) = #(nodes in df-tree) = #(nodes in
G), if G is connected.

· #(direct calls from DF-SEARCH(x)) = #(childrenx).
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A SAMPLE INPUT GRAPH AND
OUTPUT OF DF-SEARCH

A

B J

KL

Output for Start-node = 0 (A):

numNodes = 5
nodeNum (degree): adjNodes
0 ( 4): 1 2 3 4
1 ( 1): 0
2 ( 2): 0 3
3 ( 2): 0 2
4 ( 1): 0
processing (0,1): tree-edge
processing (1,0): tree-edge 2nd-visit
backtracking 1 -> 0
processing (0,2): tree-edge
processing (2,0): tree-edge 2nd-visit
processing (2,3): tree-edge
processing (3,0): back-edge
processing (3,2): tree-edge 2nd-visit
backtracking 3 -> 2
backtracking 2 -> 0
processing (0,3): back-edge 2nd-visit
processing (0,4): tree-edge
processing (4,0): tree-edge 2nd-visit
backtracking 4 -> 0
------------------------------
df-tree in preorder: nodes and the list of children
Node=0 (parent=0, numChildren=3): 1 2 4
Node=1 (parent=0, numChildren=0):
Node=2 (parent=0, numChildren=1): 3
Node=3 (parent=2, numChildren=0):
Node=4 (parent=0, numChildren=0):
------------------------------
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OBJECT-REGION IN A BIN ARY-IMA GE

Binary-image:

· An m´ n array, where a pixel pij = 1 (shown below as a
shaded square) represents a part of anobject in the image; a
pixel pij = 0 represents a part of thebackground.

A 6´ 6 binary image.

Adjacent Pixels:

· Two 1-pixels are adjacent if they share an edge.

· Two 0-pixels are adjacent if they share a corner or an edge.

pi+1,j

pi , j - 1 pi , j pi , j+1

pi - 1, j

At most 4 neighbors of
an 1-pixel pij .

pi+1,j

pi , j - 1 pi , j pi , j+1

pi - 1, j

At most 8 neighbors of
a 0-pixel pij .

Image-object:A maximalset of connected 1-pixels pij .

Example. The above image has 2 objects of sizes 7 and 4 and
two background regions of sizes 24 and 1.

Question: Give a 5́ 5 image with maximum number of objects.
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OBJECT DETERMIN ATION
BY DF-TRAVERSAL

Order of Visit of Neighbors of 1-pixelpij (if present):

(1) pi , j+1 (E-neighbor) (3) pi , j - 1 (W-neighbor)
(2) pi - 1, j (N-neighbor) (4) pi+1,j (S-neighbor)

Additional Backtracking Rule:

· If we reach a 0-pixel, we immediately backtrack.

Example. Shown below is the depth-®rst labeling of the pixels
visited starting at the position labeled 1.

All neighboring 0-pixels of the region R containing
the start-pixel are also visited.The total number of
visits to those 0-pixels is at most 2(|R| + 1) - why?

14
1 2
3 49
5 6
7

8
10

1112
13 15

161718

start-pixel

1

2
E

3
N

4
E
5

N

6
E

7
N

8
W

9
W

8
N

10
W

11
S

E

W

12
W

13
S

14

S

15
E

13
W

16
S

17
E

18
W

The dashed lines indicate
neighbor that are visited
but are not in the current
region. Thesenodes appear
as many times as they are
visited, each time causing
an immediate backtracking;
both nodes 8 and 13 appear
here twice.
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OBJECT SIMPLIFICA TION
BY FILLING UP HOLES IN THE OBJECT

An image with three objects.
The largest object contains
two holes and one of the objects
is placed in one of those holes.
The non-boundary pixels of this
object are shown in light shade.

·
·

·

External Regions:

· The 0-regions which contain at least one 0-pixel from any of
top/bottom rows and leftmost/rightmost columns.

Holes:These are 0-regions other than the external regions.

After ®lling-in the two holes
in the largest object.
This swallows the third object
in one of those holes.

·

·

Questions:

1? Show df-labels of pixels in the 0-region in the above image
starting atp1,1; do not label 1-pixels that may be visited.

2? Give a psuedocode to detect the pixels in the holes of an
object. Whatis the computational complexity?

3? Markthe 1-pixel that are visited by starting at the southmost
pixel p11,10 of the largest object above and using the rule
"keep to the right".Assume that we arrived at p11,10 by
going north, which meansp10,10 is the next pixel visited.
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FINDING CHORD-FREE PATHS IN A GRAPH
FROM A START-NODE

Chord-fr ee Path:

A pathp = áx1, x2, ×××, xkñin a graph is chord-free if (xi , x j )
is not an edge for 1£ i < j - 1 < k.

· A subpath of a chord-free pathp is also chord-free.

Example. The pathp = áa, b, dñ is not chord-free because of
the edge (a, d). We can arrange the chord-free
paths from a start-nodes as a tree as shown below;
the four maximal chord-free paths froma are:
áa, b, c, g, f ñ, áa, d, c, gñ, áa, d, f , gñ, áa, eñ.

a b

cd
e

f g

A graph
G.

a

b d e

c

g

f

c

g

f

g

The tree of
chord-free
paths from
a in G.

Question:

·? Show the tree of chord-free paths fromb in G above.

·? How many chord-free paths are there from node 1 in the
complete graphKn?

·? Show a graph with N (³ 1) nodes which has an exponential
number of chord-free paths for each start-nodes.
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ALGORITHM FOR CHORD-FREE P ATHS

Notes:

· The algorithm below maintains only a small part of the tree
of chord-free paths from the start-node at any moment, and
does not build the tree of all chord-free paths.In particular,
it uses onlyO(N) memory-space.

· The arrays mark[1..N], and parent[1..N] are static in
CHORD-FREE-PATHS.

Algorithm CHORD-FREE-PATHS(currNode): //=s in 1st call

Input: A graphG and a start-nodes.
Output: The chord-free paths froms.

1. If (®rstCall), initalize mark(x) = parent(x) = 0 for each node
x, mark(currNode) = 1, and parent(currNode) = currNode.

2. Let S = { x Î adj(currNode): mark(x) = 0}. Let mark(x) = 1
and parent(x) = currNode for eachx Î S.

3. If (S ¹ Æ) then for (eachx Î S) call CHORD-FREE-
PATHS(x); else print the path from currNode to the start-
node formed by the parent-links.

4. Resetmark(x) = parent(x) = 0 for eachx Î S and return.

Complexity: Total length of all maximal chord-free paths.

Question:

·? Show the recusion call-tree,S, marked-nodes, and their par-
ents before and after each call for the exampleG shown in
the previous page.
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ALL A CYCLIC PATHS IN A GRAPH
FROM A START-NODE

Example. Shown below is a graph and the tree of all acyclic
paths froma.

a b

cd
e

(i) A graphG.

a

b

c

d

e

d

c e

d

b

c

c

b

e

e

d

b

c

c

b
(ii) The tree of acyclic paths froma in G.

Some Properties of this Tree:

· A nodex appears in the tree as many times as the number of
acyclic sx-paths.

· We can ®nd all cycles (without repetition of nodes) at a node
s from thesesx-paths:

- Combine ansx-path with the edge (s, x), if exists.

- Each cycle is obtained twice in this process.

Question:

·? Statea suitable method of node-marking in the depth-®rst
search to output all (maximal) acyclic-paths from a start-
node in a graph.State the complete algorithm in the form of
a pseudocode using recursion.



2.23

CUT-VERTEX AND
BICONNECTED GRAPH

Cut-vertex: A nodex is a cut-vertex of G if its deletion breaks
up the connected component ofG containing x
into 2 or more components.

1

2 3

45

6
(i) Every non-terminal node

in a tree is a cut-vertex.

1

2 3

45

6
(ii) Node 1 is the only

cut-vertex.

Biconnected: A connected graphG which has³ 2 nodes and
has no cut-vertex (i.e., we need to delete 2 or
more nodes to disconnect the graph, if possible).

1

2 3

45

6

(i) A tree is biconnected if and
only if it has 1 or 2 nodes.

1

2 3

4

(ii) A cycle is the simplest
biconnected graph

with ³ 3 nodes.

1

2 3

4

(iii) Adding an edge to
a biconnected graph
keeps it biconnected.
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STRUCTURE OF
A BICONNECTED GRAPH

Theorem. A minimal biconnected graphG = (V , E), |V | ³ 3 is
made of cyclesC1, C2, ×××, Cm (m ³ 1), where

· eachCi, i > 1, contains at least one node not in
C1ÈC2È×××ÈCi- 1, and

· eachCi, i > 1, has at least one edge in common
with C1ÈC2È×××ÈCi- 1.

Example. A biconnected graph and its cyclesCi as in the The-
orem above. (What is another choice forC3?).

1

2 3

45

6

C1: á1, 5, 6, 3, 4, 1ñ
C2: á1, 2, 3, 4, 1ñ, 2 Ï C1, (1, 4) Î C1ÇC2

Question:

·? Isthere another choice of such cycles?

·? Why do we assume that |V | ³ 3 above?

·? Whatare some choice of cycles forK4?

1

2 3

4
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BICOMPONENT

Bicomponent:A maximal biconnected subgraphGS of G.

Example. A graph G with three bicomponents;S = {1, 3, 4}
gives a biconnected subgraph but it is not maximal.

1

2 3

45

6

Three bicomponents:
S = {1, 5}, {1, 6}, and
{1, 2, 3, 4}

Question: How many biconnected subgraphs doesG have?

Theorem.

· Two bicomponents of a graphG can have at most one node
in common, and such a vertex is a cut-vertex.

· The bicomponents of a connected graph form a tree struc-
ture. (Thereis no edge between two bicomponents, and
hence a cycle is fully contained within a bicomponent.)

B1
c1

B2 B3

B4
c2

B5c3 B6c4

B7

B8

c5

B9
c6

A graph with
bicomponents
B1 to B9 joined
in the form of a
tree via cut-
verticesc1 to c6.
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AN EXAMPLE OF A DF-TREE AND
SOME OBSERVA T IONS ON BICOMPONENTS

a/1

b/2

c/3

d/4 e/5

f /6

g/7

h/8

i/9

j/10

k/11

· There are 5 bicomponents and 3 cut-vertices:

{ c, e, f } entered via cut-vertex c
{ b, c, d, g, h} entered via cut-vertex b
{ a, b} ( entered via cut-vertex a)
{ a, i, j} ( entered via cut-vertex a)
{ a, k} ( entered via cut-vertex a)

· The root node has more than one child if and only if it is a
cut-vertex.

· The subtree of df-tree at a nodex consists of all nodes reach-
able fromx in the graph without using the ancestors ofx.

· Once we enter a bicomponent, we traverse it fully (all nodes
and edges) before existing it by backtracking out of the cut-
vertex through which it was entered.

Question:

·? If we were to add the edge (g, i) to the graph, how will the
df-tree and the bicomponents change?
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OBSERVA T IONS ON DF-TRAVERSAL
OF BICOMPONENTS

B1

s
start-node

c1

B2 B3

B4
c2

B5c3 B6c4

B7

B8

c5

B9
c6

· Each bicomponentBi, other than the one containing the start-
point s, is entered the ®rst time via a cut-vertex c(Bi) Î Bi.

- B2 (B3) is entered the ®rst time viac1 = c(B2) (= c(B3)).

- B6 is entered the ®rst time viac4 = c(B6).

· As we backtrack to the cut-vertex c(Bi) from some node in
Bi, all nodes and edges ofBi have been visited, including
those of other bicomponents entered since enteringBi.

- As we backtrack toc5 from a node inB8, we complete
visiting all nodes and edges ofB8.

- When we later backtrack toc4 from a node inB6, we
complete visiting all nodes and edges ofB6, B8, and B9.

- Then, when we even later backtrack toc3 from a node in
B5, we complete visiting all nodes and edges ofB5 to B9.
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(CONTINUED)

B1

s
start-node

c1

B2 B3

B4
c2

B5c3 B6c4

B7

B8

c5

B9
c6

· Since each cycle is contained within a bicomponent, there is
no back-edge from a descendant ofc(Bi) to its ancestors.

- This gives us a method to detect the cut-vertex c(Bi).

· The df-tree has exactly one child ofc(Bi) in Bi because the
deletion ofc(Bi) will otherwise break upBi into two or more
connected pieces corresponding to subtrees atc(Bi).

Detection of Cut-Vertex:

· Let low(y) = min {df-label(z): z = y or there is a back-edge
to z from y or a descendant ofy}.

- For y Î Bi andy ¹ c(Bi), low(y) ³ df-label(c(Bi)).

· low(y) is known when we are ready to backtrack fromy.

· When we backtrack tox from a childy of x, x is a cut-vertex
if low(y) ³ dfLabel(x).
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ALTERNATE METHOD FOR
COMPUTING lo w(y)

y

z1

z2
×××

y1 yk×××

subtree of
df-tree aty1

subtree of
df-tree atyk

z3

z4

×××

z6

z5

z7

×××

Thesez
nodes are
accounted
in low(yk)

Thesez
nodes are
accounted
in low(y1)

New Equation for low(y):

= min { df-label(z): z = y or
there is a backedge toz from y or
from adescendant of y

}
= min { df-label(y),

min {df-label(z): (y, z) is a back-edge},
min {low(yi): yi is achild of y in df-tree}

}

Question:

·? Since low(yi) inv olves dfLabel(yi) in the minimum and
low(y) does not involve dfLabel(yi), why do we still have the
second equality above?
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MODIFICA TION T O DF-SEARCH
FOR COMPUTING lo w(x)

Computing low(x):

1. [Initialize low(x).] As you compute dfLabel(x), let low(x) =
dfLabel(x).

2. [Updatelow(x) for a back-edge.]When a back-edge (x, y)
is detected, let low(x) = min {low(x), dfLabel(y)}.

3. [Updatelow(x) as you backtrack tox from a child y of x.]
Let low(x) = min {low(x), low(y)}.

Computing Bicomponents:Uses a separate stackS.

1. Every time you add a nodex to the dfTree, addx to S.

2. Beforebacktracking fromy to x = parent(y) do the follow-
ing:

(i) If ((x ¹ root) and (low(y) ³ dfLabel(x)), then x is a
cut-vertex and outputx together with the nodes inS
upto y as a bicomponent.Also, remove the items inS
upto y.

(ii) If (x = start-node) then do the the same as (i) except
that x is a cut-vertex if and only if there are unvisited
nodes in adj(start-node).(S will now hav eonly start-
node after the output of the bicomponent.)
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EXAMPLE OF BICOMPONENT COMPUT ATION

a/1

b/2

c/3

d/4 e/5

f /6

g/7

h/8

i/9

j/10

k/11
low(d) = min {4, 2} = 2.
low(e) = min {5, 3} = 3.
low(g) = min {7, 1} = 1.

low(c)
= min {3, low(d), low(e), low(g)}
= {3, 2, 3, 1} = 1.

(Shown below are only the ®rst visit to an edge and backtracking.)
New link Stack
processed (topon left)D•abel Low Cut-vertex Bicomponent

start ata dfLabel(a) = 1  low(a) = 1 a
(a, b) dfLabel(b) = 2  low(b) = 2 b, a
(b, c) dfLabel(c) = 3  low(c) = 3 c, b, a
(c, d) dfLabel(d) = 4  low(d) = 4 d, c, b, a
(d, b) low(d) = 2

= min{4, 2}
backtrackingd® c low(c) = 2  (low(d) < dfLabel(c))

= min{3, 2}
(c, e) dfLabel(e) = 5  low(e) = 5 e, d, c, b, a
(e, f ) dfLabel(f ) = 6  low( f ) = 6 f , e, d, c, b, a
( f , c) low( f ) = 3

= min{6, 3}
backtrackingf ® e low(e) = 3  (low( f ) < dfLabel(e))

= min{5, 3}
backtrackinge® c low(c) = 2 c d, c, b, a { c, f , e}

= min{2, 3} (low(e) ³ dfLabel(c))
(c, g) dfLabel(g) = 7  low(g) = 7 g, d, c, b, a
(g, a) low(g) = 1

= min{7, 1}
(g, h) dfLabel(h) = 8  low(h) = 8 h, g, d, c, b, a
backtrackingh® g low(g) = 1 g g, d, c, b, a { g, h}

= min{1, 8} (low(h) ³ dfLabel(g))
backtrackingg® c low(c) = 1  (low(g) < dfLabel(c))

= min{2, 1}
backtrackingc® b low(b) = 1  (low(c) < dfLabel(b))

= min{2, 1}
backtrackingb® a a { g, d, c, b, a}
(a, i) dfLabel(i) = 9  low(i) = 9 a i, a

a
(i, j) dfLabel(j) = 10 low( j) = 10 j, i, a
backtrackingj® i low(i) = 9 i i, a { i, j}

= min{9, 10} (low( j) ³ dfLabel(i))
backtrackingi® a a { a, i}
(a, k) dfLabel(k) = 11 low(k) = 11 k, a
backtrackingk® a a { a, k}
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EXERCISE

1. Considera graph with bicomponentsB1 to B12 connected to
each other as shown below via the cut-verticesc1 to c9. Let
s = start-node inB1 and s ¹ c1, c3 andd be a given node in
B9 andd not a cut-vertes, i.e.,d ¹ c6, c7, and c8. If we do a
df-traversal froms to determineBi 's, then whichBi 's might
be detected before we discover B9; state the case of largest
number ofBi 's and of the smallest number ofBi 's. in each
case, give all possible order in which thoseBi 's might be
detected.

B1

s
start-node

c1

B2 B3

B4
c2

B5c3 B6c4

B7

B8

c5

B9
c6

c7 B10

c8

B11

c9

B12

Clearly describe the logic for distinguishing the cut-ver-
ticesc j and the bicomponentsB j along the path of bicom-
ponents fromB1 to B9 during the df-traversal. Your logic
should work for the general case.First, consider the case
d ¹ a cut-vertex and then the cased = a cut-vertex.
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MINIMUM EDGE-ADDITION T O MAKE
A CONNECTED GRAPH BICONNECTED

Problem: Given a connected graphG with n ³ 3 nodes, ®nd a
set of edgesE0 that can be added toG to make it
biconnected and |E0| is minimum.

Example: If G is a tree, consider it as a rooted tree with an
arbitrary nodex of degree(x) ³ 2 slected as the root.

D

C

H

B

I

A

J

K

L

M

root

Tw o of the many solutions:
E0 = { (D, M), (M , I ), (I , K ), (K , L)}
E0 = { (D, M), (D, I ), (D, K ), (D, L)}.

Idea: Any connectedG is a "tree" of bicomponents.

Algorithm: //Complexity O(|E|)

1. Usedf-traversal ofG to detect bicomponents and letE0 = Æ.

2. For (each terminal bicomponentC j of G), do the following:

(a) Choosex j Î C j andx j not a cut-vertex.

(b) Add(x j- 1, x j) to E0 if j > 1.

Question: State clearly how to determine the "terminal"
bicomponents during df-traversal and selectx j Î C j

such thatx j not a cut-vertex.
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MAXIMAL EDGE-ELIMIN ATION
KEEPING BICONNECTEDNESS

Problem: Given a biconnected graphG, ®nd a maximal set of
edgesE0 in G whose removal keepsG biconnected.

Idea: In the bicomponent algorithm, we keep one edge fromx
or a descendant ofx corresponding to low(x). Let E0 be
the set of all other backedges.

Example. Shown below in (i) is a graph and two E0's. They
result from different df-trees as shown in (ii)-(iii),
where each node shows its dfLabel(x) and low(x);
the bold dotted lines are the back-edges inE0.

a

b

c d e

fg

h

Tw o possibleE0:
{( b, d), (c, f ), (d, g)}
and {(b, c), (d, g)}

(i)

a/1/1

b/2/1

c/3/1

d/4/1

e/5/1

f /6/1

g/7/2 h/8/1

(ii) E0 = { (b, d), (c, f ), (d, g)}.

a/1/1

b/2/1

d/3/1

c/4/1

f /5/1

e/6/3 g/7/2 h/8/1

(iii) E0 = { (b, c), (d, g)}.

Question: Give an exampleG for which the above idea does
not work. Then,re®ne the idea to make it work (by
removal of other back-edges, if necessary).
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Application of bicomponent decomposition to shortest-path
computation:

(a) Considera source-nodes Î B1 and a destination-noded Î
B6 in the graph shown above. Also assumes ¹ c3 andd ¹
c4. Then, each sd-path consists of ansc3-path, a
c3c4-path, and anc4d-path.

(b) Therefore,each shortestsd-path consists of shortest paths
from s to c3, c3 to c4, and c4 to d.

(c) To compute a shortestsd-path, we can then use Dijkstra's
algorithm to the smaller graphsB1, B5, and B6 separately.
This means a linear algorithm for computing the bicompo-
nents can give us a signi®cant reduction in the computa-
tion because of theO(N2) complexity of Dijkstra's algo-
rithm.
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POSSIBLE ORDER OF VISITS TO BACK-EDGES
AND THE SECOND VISITS TO THEM

Assumptions:

· (y1, x) and (y2, x) are two back-edges tox.

· d•abel(y1) < ddfLable(y2).

Notations: e1 = (y1, x), e2 = (y2, x), e3 = (x, y1), e4 = (x, y2).

Differ ent Cases:

x

a

y1

b

y2

adjList(x) = (a, y1, b, y2): e1, e3, e2, e4
adjList(x) = (a, b, y1, y2): e1, e2, e3, e4
adjList(x) = (a, b, y2, y1): e1, e2, e4, e3

x

a

y1 y2

adjList(x) = (a, y1, y2): e1, e2, e3, e4
adjList(x) = (a, y2, y1): e1, e2, e4, e3

x

a

y1

y2

adjList(x) = (a, y1, y2): e1, e2, e3, e4
adjList(x) = (a, y1, y2): e2, e1, e3, e4
adjList(x) = (a, y2, y1): e1, e2, e4, e3
adjList(x) = (a, y2, y1): e2, e1, e4, e3


