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CHAPTER GOAL

f Introduce the depth-CErstwviasal ofundirectedgraphs.
f  Show three important applications:

A linearO(|V| + |E|) algorithm for determining the con-
nectedness of a grah where Y| = #vertices inG) and
|[E| = #(edges InG).

Detection of rgions in a binary-image.

A linear O(|E|) algorithm for determining the bicompo-
nents of a connected gra@n

f Introduce the depth-Erstviisal ofdirectedgraphs.
f  Show two important applications:

A linear O(|V|+|E]) algorithm to determine all nodes
reachable from a gen node.

A linearO(|V| + |E|) algorithm for determining the strong
components of a digraph.
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GRAPH CONCEPTS

Graph
|
Elementary Global Concepts
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| Node  pan Reachab!llty_

Relation

Connected
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Adjaceny Biconnected |

~ Relation Component
Cut-vertex —

Tree of

Bicomponents
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GRAPHS AND THEIR REPRESENTAT ION

Graph G = (V, E):
V =the set ohodegvertices), and
E={(x,y):x,y1 Vandx? y}is a ®t ofedgs(links).

The edges X, y) and (y, xX) are considered the sammdi-
rectededge, joining the nodesandy. We sy the nodex
andy areadjacentf (x, y) T E.

degee(x) = #edges adjacent t0); Sdegreek) = 2.|E|.

© A graph with 6 nodes and 4 edges.

© 3
(5) 0’@ Node 0 has no edges adjacent to it.

Adjacency-list Representation:
31" 21" 21 = 24 possible combination of adj-lists orderings.

degrees  Adjacent node®

nodeQ 0 |-
1| 3 =2 |3|5
2| 2 ={1]3
3| 2 ={1]2
4] 0 -
5/ 1 =1

typedef struct { int degree, *adjNodes; //arraySize = degree
} GraphNode; //this suffices when graph does not change

int numNodes;
GraphNode *nodes; //array-size = numNodes



A PROGRAM T O READ AN INPUT GRAPH

/lcc class/algo/c/readGraph.c
/[Contact kundu@csc.Isu.edu for comments and questions
//Below is a sample input file: graph.dat

I
I
I
I
I
I
I

//InumNodes; nodes are numbered as 0, 1, 2, ...
(0): //InodeNum, degree, adjNodes
3):235
(2):13
2:12
(0):
Q):1

GRWNFPOO®

#include <stdio.h>
#define INPUT_FILE "graph.dat”

typedef struct {

int degree, *adjNodes;

} GraphNode;

int numNodes, PRINT_SPACE;
GraphNode *nodes;

void PrintIntVector(int *vector, int size)
{i nti;

for (i=0; i<size; i++)
printf(" %*d", PRINT_SPACE, vector]i]);
printf("\n");

void SkipToEndOfLine(FILE *fplnp)
{ while (getc(fplnp) !="\n";
}

void ReadInput() //create graph
{ i nti, j, nodeNum;

}

FILE *fp;
if (NULL == (fp = fopen(INPUT_FILE, "r")))
{ f printf(stderr, "Cannot open %s\n", INPUT_FILE); exit(1); }
fscanf(fp, "%d", &numNodes); SkipToEndOfLine(fp);
nodes = (GraphNode *)malloc(numNodes * sizeof(GraphNode));
for (i=0; iknumNodes; i++) {
fscanf(fp, "%d", &nodeNum);
fscanf(fp, " ( %d ): ", &nodes[nodeNum].degree);
nodes[nodeNum].adjNodes = (int *)malloc(nodes[nodeNum].degree*sizeof(int));
for (j=0; j<nodes[nodeNum)].degree; j++)
fscanf(fp, "%d", &nodes[nodeNum].adjNodes[j]);
SkipToEndOfLine(fp);

}

fclose(fp);

printf("numNodes = %d\n", numNodes);

printf("nodeNum (degree): adjNodes\n");

PRINT_SPACE = (numNodes < 10) ? 1: 2;

for (i=0; iknumNodes; i++) {
printf("%*d (%*d):", PRINT_SPACE, i, PRINT_SPACE, nodesJi].degree);
PrintintVector(nodes[i].adjNodes, nodes]i].degree);

}

int main() { ReadInput(); }

2.5
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SOME GRAPH-COMPUTATION PROBLEMS

Statean algorithm for generating all graphs withnodesV
={1, 2,xxn} and medges. Explaithe steps for thexam-
ple graph § = 4 and m = 3) below. How mary such graphs

are there?
O &
e‘a

How is this problem related to the problem of generating
binary strings of a gen length and a gen number of
ones?

Shav al such graphs withh = 4 nodes andn = 3 adges;
here node labels are important and thus the graphs belo
are considered to be fiifent (although the are isomor
phic, i.e., thg differ only in node labels).

@ l % @
(23
Two different ut isomorphic graphs.

Shaw al non-isomorphic graphs with = 4 nodes andn =
3 edges.

Statean algorithm for generating a random graph with
nodes andn edges. (W can use such an algorithm to test
the average computation time of an algorithm to determine
the connectedness of a graph.)
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PATHS AND CYCLES IN A GRAPH

Path p(X, y) = aX, X1, X5, XXX,, yifrom x to y:

Each (i, Xi.;) 1 E, wherex, = x andXx,.; = y; X = dart-
node andy = end-node. Usuallydl x; will be distinct.

Two agyclic-paths from 3 to 6:
@ @ @ . pl — £’ 2’ 6>i

O @ hmare
Cycle: A path starting and ending at the same node.
Connected Graph:There is arxy-path for eaclx andy, x1 v.

The Maximally and The Minimally Connected Graphs:

Complete Gaph Ky: A graph with N = V| nodes and
N(N - 1)/2= |E| edges connectingvery pair of nodes.

0‘.‘9 K, with N = 4
@‘@ vertices and 6 edges.

Tree: An agyclic connected graph.
Spanning Tree T of G: It hasV(T) =V(G) and E(T) | E(G).

OO0
3

(i) A connected graph (ii) A spanning tree o6; it has a
G with cycles. unique pathp(x, y) for ary x1 v.
Question: How mary spanning trees does the aled@ have?
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SUBGRAPH AND CONNECTED COMPONENT

Subgraph Gg = (S, Es) of G on verticesS| V:
Es={(x,y)1 E:bothxandyl S}.
If S= A, Ggis the empty graph with no nodes and edges.

5D & © @
6 3

. (i) The subgraph on
(i) A graphG. S={1 2. 3, 4).

Question: How many subgraphs does the almG have?

Connected componen(in short,componernjt
A maximal connected subgrafhy of G.
"Maximal" means that foB¢ ES, Gg,is not connected.

- S={1, 5} and {2, 3, 4, 6} gre wo components ofG
above.

- S={2, 3, 4} is not a component thou@y, is connected.

- Only 15 of the 63 non-empty subgraphs@fbore ae
connected.

Question: Which of the follaving is true?

-? Thecomponent ofG containingx is given by the subgraph
on §(x) ={y: y = x or there is axy-path inG}.

-? Two components of a graph have o node in common.
-? G Is connected if and only if it has one component.
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DEPTH-FIRST TRAVERSAL OF A GRAPH

Three Basic Operations:

- Move forwad. Given a gart-nodes, follow an edge {, 2)
from the current node to reach anew node z not visited
before and makz = new airrent node.The chain of these
links (y, z) form a unique path frormto each node visited.

- Badtrack. When there is no sucly,(z), we backtrack from
the current nodg to the preious nodex on thesy-path, and
look for an edgex, y9 to a rew nodey¢not visited yet.

- Terminate Backtracking frons terminates the trkeersal.
Depth-First Tree: A rooted ordered tree with root = start-node.

Example. dfLabel(y) =1 (3 1) meansy is theith node visited.

- adj(A) = (B, J, K, L), adjB) = (A), adjJ
O Q‘@ 2({&, )K),(adj(K) = (/)A,%){@ld ng)L?:JEA)\).
(B) {J) - The bold edges shothe depth-®rst tree; root A.

Edges ¥, z) a y are visited in the order &l adj(y).
Currentnodey | 5¢'A atB atJ atK atL

A, dfiLabel(A) =1 (A, B)

B, dfLabel(B) =2 (B, A

backtrackB® A |(A, J)

J, dfiLabel(J) =3 J, A

(J, K)

K, dfLabel(K) =4 K, A

(K, J)

backtrackK ® J
backtrackJ® A

>>
— X

N—

L, dfLabel(L) =5 L, A
backtrackL® A
backtrack fromA
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DEPTH-FIRST TREE

df-Tree: A rooted ordered tree, with root = start-node and the
edges {k, y): y Is reached ®rst time via edgg, (y)}.
Children of a node are ordered by their dfLabels.

Example. A connected grap and a df-tree for it.

The arrovs indicate
the direction of ®rst
visit to the edges.

Properties of df-Traversal of A Connected Graph:
Each edge of the graph is visited once in each direction.
- Atree-edge is ®rst visited from parent to child.

- armon-tree edgex, V) is ®rst visited from a nod& to an
ancestory of x (hence called @ad-edg). Test for
back-edgey ! parentk) and dfLabelfy) < dfLabel(x).

- No cross-edgex y), wherey is not a descendant or an
ancestor ok.

The df-Tree depends on both the start-n@dend the node-

order in each adjaceyuist adj(x).

The df-tree is a spanning tree@fonly if G is connected.

#backtrackings tx) = #(children ofx) £ degree).

Question: List all possible df-trees for the alG ands = A.
Is there a spanning tree Gfwhich is not a df-tree?
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A LARGER EXAMPLE OF DF-TRA VERSAL

The number of times we backtrack to a nade #(children
of x in the df-tree). Note: backtracking is not the same as
visiting a tree-edge the second time (from child to parent).

Example. Each adjk) is assumed ordered alphabetically as in
adj(d) =&, |, J, K, Lii The number and the awo
next to an edge in the ®gure on the right whihe
order and the direction of ®rst visit of that edge.

(i) A connected graph.

(i) The df-tree for start-nods = A.

Question: Let (y4, X) and (y,, X) be wo backedges tox and
deabel(y,) < dfLabel(y,). Considerthe four traer-
sal-arents of these edges in féifent directionse; =
Yi® X, & = X® Yy, 65 = V,® X, and e, = X® V5.
What are the possible orders in which thesmnis
can occur (only a fe out of 4! = 24 are possible)?
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PSEUDOCODE FOR DF-SEARCH

Notations:

nextToVisit(x) = The node in ady) to visit next from Xx.
parentk) = Parent ofx in df-tree; parent) = x if X = root.
dfLabel(x) = k (3 1) if x is thekth node visited.
currNode =The node at which wexplore a ne edge.
lastDfLabel = Most recent df-label assigned (to some node).

Algorithm DF-SEARCH: //non-recursie form

Input:  The adjacenglists adj) and a start-nods.
Output: The df-tree via parent] of each nodex visited.

1. [Initialize.] For (each nodex), let dfLabelk) = 0 and next-
ToVisit(x) = the ®rst item of ad)). Also, let currNode =
parent§) = s and dfLabel§) = lastDfLabel = 1.

2. [Move forward.] While (nextToVisit(currNode)! null) do
the following:

(a) Lettemp = n&tToVisit(currNode) and update xido-
Visit(currNode) to the ng& node in adj(currNode).

(b) If (dfLabel(temp) = 0), then let parent(temp) = currN-
ode, currNode = temp, and dfLabel(currNode) = lastD-
fLabel = lastDfLabel + 1.(Otherwise, (currNode,
temp) is an edge from a node to its parent, or a back-
edge, or a forard non-tree edge, i.e., a back-edge in
the reverse direction.)

3. [Backtrackor terminate.]If (currNode! parent(currNode)),
then currNode = parent(currNode) and goto step 2, else stoy
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DATA-STRUCTURES FOR BUILDING
DF-TREE

Problem: The parent-information does not allaus © access
the nodes of the df-tree startingsat root(df-tree).

Solution: Set child-pointers and brothpointers along with
parent-information for each node visitee may
create separate nodes for the df-tree witdbthe
pointers within the graph-node3his also holds for

the recursie vasion of DF-SEARCH gjen later)
Node-structure for a Rooted Ordered Tree:

typedef struct TreeNode {
int node;
struct TreeNode *parent, *leftBroth, *rightBroth,

*firstChild, *lastChild;
} TreeNode;

parentk)
[}

left- ! right-
Brother(x) ~ nodex e Brother(x)

'

®rstChild(x) lastChild(x)
Example.Here, ®rstChild{) = lastChild().

Shaown are only the
non-null pointers.
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A RECURSIVE VERSION OF DF-SEARCH

Notes:
Backtracking corresponds to return from the recursion.

The lastDfLabel and the array dfLabels[1..N] carstaicin
DF-SEARCH; n&tToVisit[1..N] is not used.

The recursie-call at x creates the subtree of df-treexabs
we luild the df-tree via child-pointers, etc.

Algorithm DF-SEARCH(currNode): //®rst call: currNode =s

Input:  The adjacenglists adjk) and the start-nods.
Output: The df-tree, with root =s.

1. [Createdf-tree node.] Create currieeNode in df-tree for
currNode. If(lastDfLabel = 0), then initialize dfLabed] = 0
for eachx and let parent(curréeNode) = currieeNode.
Now, let dfLabel(currNode) = lastDfLabel = lastDfLabel + 1.

2. For (each node« in adj(currNode)) do the foll@ing:
If (dfLabel(x) = 0) then add the root-node (which corre-
sponds tax) of the subtree returned by DF-SEARGHI(
as the net child of currfreeNode.

3. Return(currfeeNode).

Complexity: Q(|V|+|E|]) = Q(|JE|]) for a connected G other
wise, O(|E]).

An edge , y) is examined at most once in each direction.

A constant amount of evk per nodex (assigning dfLa-
bel(x), addingx to the df-tree, and backtracking from
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ILLUSTRA TION OF THE RECURSIVE
DF-SEARCH

@/'A\K
® O

DF-SEARCHQ)

parent@) = A
dfLabel(A) =1
= lastDfLabel

parent() = A arentl) = A

parent@) =

DF-SEARCH@)

/
DF-SEARCH()

DF-SEARCH()

dfLabel(B) = 2
= lastDfLabel

dfLabel@) =3
= lastDfLabel

dfLabelL) =5
= lastDfLabel

#(calls to DF-SEARCH) = #(nodes in df-tree) = #(nodes in

paremj(() =J

DF-SEARCH(K)

dfLabelK) =4
= lastDfLabel

G), if G is connected.
#(direct calls from DF-SEARCH)) = #(childrenx).
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A SAMPLE INPUT GRAPH AND
OUTPUT OF DF-SEARCH

O—@A—K
® O
Output for Start-node = 0 (A):

numNodes =5
nodeNum (degree): adjNodes
0 (4):1234

WN P
—~ A~
NN
~—
(@loNe)

03
;02
4 (1):0

processing (0,1): tree-edge
processing (1,0): tree-edge 2nd-visit
backtracking 1 -> 0

processing (0,2): tree-edge
processing (2,0): tree-edge 2nd-visit
processing (2,3): tree-edge
processing (3,0): back-edge
processing (3,2): tree-edge 2nd-visit
backtracking 3 -> 2

backtracking 2 -> 0

processing (0,3): back-edge 2nd-visit
processing (0,4): tree-edge
processing (4,0): tree-edge 2nd-visit
backtracking 4 -> 0

df-tree in preorder: nodes and the list of children

Node=0 (parent=0, numChildren=3): 124
Node=1 (parent=0, numChildren=0):
Node=2 (parent=0, numChildren=1): 3

Node=3 (parent=2, numChildren=0):
Node=4 (parent=0, numChildren=0):
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OBJECT-REGION IN A BIN ARY-IMA GE

Binary-image:

An m’ n array where a pigl p; = 1 (shovn belav as a
shaded square) represents a part oblgactin the image; a
pixel p; = 0 represents a part of thhadkground

A 6° 6 binary image.

Adjacent Pixels:
Two 1-pixels are adjacent if tgeshare an edge.
Two O-pixels are adjacent if tgeshare a corner or an edge.

Pi-1,j Pi-1,j
Pi,i-1| Bi,j |Bi,j+1 Pi,j-1| Pi,j |Pi,j+1
Pi+1,] Pi+1,]
At most 4 neighbors of At most 8 neighbors of
an 1-pbel p;. a O-pixel p.

Image-object: A maximalset of connected 1-paks ;.

Example. The abee image has 2 objects of sizes 7 and 4 and
two background rgions of sizes 24 and 1.

Question: Give a 55 image with maximum number of objects.
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OBJECT DETERMIN ATION
BY DF-TRAVERSAL

Order of Visit of Neighbors of 1-pixelp; (if present):
(1) pij«1 (E-neighbor)  (3)pij-1 (W-neighbor)
(2) pi-1j (N-neighbor)  (4) pi+1j (Sneighbor)
Additional Backtracking Rule:
If we reach a O-pi&l, we immediately backtrack.
Example. Shovn belav is the depth-®rst labeling of the @bs
visited starting at the position labeled 1.

All neighboring 0-piels of the rgion R containing
the start-piel are also visited.The total number of
visits to those O-pils is at most 2| + 1) - why?

=
5
3
1

14
16

The dashed lines indicate
neighbor that are visited

but are not in the current
region. Thesanodes appear
as mayg times as thgare
visited, each time causing
an immediate backtracking;
both nodes 8 and 13 appear
here twice.
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OBJECT SIMPLIFICA TION
BY FILLING UP HOLES IN THE OBJECT

- An image with three objects.

- The lagest object contains
two holes and one of the objects
Is placed in one of those holes.

- The non-boundary pets of this
object are shen in light shade.

External Regions:

The O-r@ions which contain at least one Ogdifrom ary of
top/bottom ravs and leftmost/rightmost columns.

Holes: These are O-ggons other than thexeernal regions.

- After ®lling-in the two holes
In the lagest object.

- This swallows the third object
in one of those holes.

Questions:

1? Shav df-labels of pixls in the O-rgion in the abee image
starting atp, 1; do not label 1-piels that may be visited.

2?7 Gve a puedocode to detect the eig in the holes of an
object. Whais the computational compliy?

3? Markthe 1-piel that are visited by starting at the southmost
pixel pi110 Of the lagest object ab@ and using the rule
"keep to the right". Assume that we amed & pi1.9 DY
going north, which meang, 1,is the net pixel visited.
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FINDING CHORD-FREE PATHS IN A GRAPH
FROM A START-NODE

Chord-fr ee Rth:

A path p = ax;, Xp, xxXfin a graph is chord-free ik(, x;)
Isnotanedgeforfi<j- 1<k.

A subpath of a chord-free paths also chord-free.

Example. The pathp = &, b, diiis not chord-free because of
the edge 4, d). We aan arrange the chord-free
paths from a start-nodgas a tree as shvo belaw;
the four maximal chord-free paths from are:
&, b, c g fiida d,c gihadd, f,ghaa, el

The tree of
A graph
Gg P G chord-free
' paths from
ain G.

Question:
-? Shav the tree of chord-free paths frdmn G above.

? Hov mary chord-free paths are there from node 1 in the
complete graplk,?

? Shev a gaph withN (3 1) nodes which has axgonential
number of chord-free paths for each start-nede
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ALGORITHM FOR CHORD-FREE P ATHS

Notes:

The algorithm bely maintains only a small part of the tree
of chord-free paths from the start-node ay amoment, and
does not bild the tree of all chord-free path# particular

it uses onlyO(N) memory-space.

The arrays mark[IN], and parent[IN] are static in
CHORD-FREE-RTHS.

Algorithm CHORD-FREE-P AT HS(currNode): //=sin 1st call

Input: A graphG and a start-nods
Output: The chord-free paths from

If (®rstCall), initalize mark) = parenti) = O for each node
X, mark(currNode) = 1, and parent(currNode) = currNode.
LetS={x 1 adj(currNode): mark() = 0}. Let mark(x) =1
and parent{) = currNode for eaclx T S.

If (St /) then for (eachx T S) call CHORD-FREE-

PATHS(X); else print the path from currNode to the start-
node formed by the parent-links.

4. Resemark(x) = parentk) = 0 for eachx I Sand return.

Complexity: Total length of all maximal chord-free paths.

Question:

-? Shav the recusion call-trees, marked-nodes, and their par

ents before and after each call for txamaple G shovn in
the preious page.
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ALL ACYCLIC PATHS IN A GRAPH
FROM A START-NODE

Example. Shovn belav is a gaph and the tree of all wdic
paths froma.

(i) The tree of agclic paths fromain G.

Some Ppperties of this Tree:

A nodex appears in the tree as nyammes as the number of
agyclic sx-paths.

We aan ®nd all gcles (without repetition of nodes) at a node

s from thesesx-paths:
- Combine arsx-path with the edges( x), if exists.
- Each gcle is obtained twice in this process.

Question:

-? Statea aitable method of node-marking in the depth-®rst

search to output all (maximal) yadic-paths from a start-
node in a graphState the complete algorithm in the form of

a pseudocode using recursion.
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CUT-VERTEX AND
BICONNECTED GRAPH

Cut-vertex: A nodex is a cut-ertex of G if its deletion breaks

up the connected component Gf containing X
into 2 or more components.

OO0 O OpC
o i

(i) Every non-terminal node (i) Node 1 is the only
In a tree is a cutertex. cut-vertex.

Biconnected: A connected grapl which has® 2 nodes and

has no cut-gertex (i.e., we need to delete 2 or
more nodes to disconnect the graph, if possible).

& @3
(i) A tree is biconnected if and
only if it has 1 or 2 nodes.

s AN
(23 (23

(i) A cycle is the simplest (i) Adding an edge to

biconnected graph a hconnected graph

with 2 3 nodes. keeps it biconnected.
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STRUCTURE OF
A BICONNECTED GRAPH

Theorem. A minimal biconnected grap& = (V, E), M| 33 s
made of gclesC4, C,, xx&€,, (m3 1), where

eachC;, | > 1, contains at least one node not in
C,EC,ExxxE,_,, and
eachC,, i > 1, has at least one edge in common
with C{EC,ExxxE,_;.

Example. A biconnected graph and ityadesC,; as in the The-
orem abwe. (What is another choice f@5?).

7 0’9 5 2%’ 554 %’gr C., (1, &1 C,CC

Question:
-? Isthere another choice of sucjctes?
-? Wy do we assume thaw|3 3 above?

-? Whatare some choice of/cles forkK,?

D@
o3
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BICOMPONENT

Bicomponent: A maximal biconnected subgrag@y, of G.

Example. A graphG with three bicomponentsS = {1, 3, 4}
gives a hconnected subgraphubit is not maximal.

6 0‘9 Three bicomponents:

S={1, 5}, {1, 6}, and

(6) 9\9 (1,2, 3, 4)

Question: How mary biconnected subgraphs daeéshave?
Theorem.

Two hicomponents of a grapBG can hae & most one node
iIn common, and such &iex is a at-vertex.

The bicomponents of a connected graph form a tree struc
ture. (Thereis no edge between @wbicomponents, and
hence aycle is fully contained within a bicomponent.)

A graph with
bicomponents
B, to By joined
In the form of a
tree via cut-
verticesc; to cg.
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AN EXAMPLE OF A DF-TREE AND
SOME OBSERVAT IONS ON BICOMPONENTS

There are 5 bicomponents and 3 celttizes:

{c,e T} entered via cut-grtex c
{b,c,d,g,h} entered via cutgrtex b
{a, b} (entered via cut-ertex a)
{a, 1, |} (entered via cut-ertex a)
{a, k} (entered via cutertex a)

The root node has more than one child if and only if it is a
cut-vertex.

The subtree of df-tree at a nodleonsists of all nodes reach-
able fromx in the graph without using the ancestorxof

Once we enter a bicomponent, wevarge it fully (all nodes
and edges) beforexisting it by backtracking out of the cut-
vertex through which it vas entered.

Question:

? If we were to add the edgg, () to the graph, ha will the
df-tree and the bicomponents change?
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OBSERVAT IONS ON DF-TRAVERSAL
OF BICOMPONENTS

Each bicomponenB;, other than the one containing the start-
points, is entered the ®rst time via a cuenex ¢(B;) | B;.

- B, (B3) is entered the ®rst time vig; = ¢(B,) (= c(B53)).
- Bg s entered the ®rst time v@a = c(Bg).
As we backtrack to the cutertex c(B;) from some node in

B;, dl nodes and edges d@; have keen visited, including
those of other bicomponents entered since ent&ing

- As we backtrack t@s; from a node inBg, we complete
visiting all nodes and edges B§.

- When we later backtrack tg, from a node inBg, we
complete visiting all nodes and edge$gf Bg, and By.

- Then, when wewen later backtrack t@; from a node in
Bs, we complete visiting all nodes and edges33fto By.
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(CONTINUED)

Since each ycle is contained within a bicomponent, there is
no back-edge from a descendant@,) to its ancestors.

- This gves s a nethod to detect the cuextex c(B;).
The df-tree hasxactly one child ofc(B;) in B, because the

deletion ofc(B;) will otherwise break ufB; into two or more
connected pieces corresponding to subtree@3y.

Detection of Cut-\ertex:

Let low(y) = min {df-label(z): z = y or there is a back-edge
to zfrom y or a descendant gf.

- Foryl Bjandy! c(B), low(y) 2 df-labelc(B;)).

low(y) is known when we are ready to backtrack frgm

When we backtrack ta from a childy of x, x is a cut-ertex
if low(y) 3 dfLabel(x).
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ALTERNATE METHOD FOR
COMPUTING low(y)

Thesez Thesez

nodes are .

qi XX @ %@ nodes are
accounted, ;XXX i accounted

\
- 1 \\ \
in low(y,) / ST
Y1 i \ b in low(y,)
S \ 1
E /I l: I’/ II: l:
| / ;o r
“ : l’ II ,’/ |' I’
\ \ \ 7. / I i
\

-~
1

\ \
v
: \

subtree of A\
df-tree aty,

/" subtree of

Q df-tree aty,

New Equation for low(y):

=min { df-label(z): z=yor
there is a baadge toz from y or
from adescendant of y

}
=min { df-label(y),
min {df-label(2): (y, z) is a lmack-edge},
min {low(y;): y; is achild of y in df-tree}
}

Question:

-? Sincelow(y;) invdves dfLabely;) in the minimum and

low(y) does not inolve dLabel(y;), why do we gill have the
second equality ae?
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MODIFICA TION T O DF-SEARCH
FOR COMPUTING low(x)

Computing low(x):
1. [Initialize low(x).] Asyou compute dfLabek), let lov(x) =
dfLabel).

2. [Updatelow(x) for a back-edge.When a back-edgex(y)
IS detected, let lw(x) = min {low(x), dfLabelfy)}.

3. [Updatelow(x) as you backtrack tax from a childy of x.]
Let low(x) = min {low(x), low(y)}.

Computing Bicomponents:Uses a separate staSk
1. Ewery time you add a nodeto the dffee, addk to S.
Beforebacktracking fromy to x = parentfy) do the follow-

2.

ing:

(i)

(ii)

If (x?* root) and (lev(y) 3 dfLabel(x)), thenx is a
cut-vertex and outputx together with the nodes I8
uptoy as a bicomponentAlso, remae the items inS

uptoyy.

If (x = start-node) then do the the same as Xjept
that x is a cut-ertex if and only if there are wisited
nodes in adj(start-node).S will now haveonly start-
node after the output of the bicomponent.)
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EXAMPLE OF BICOMPONENT COMPUT ATION

(Shavn belav are only the ®rst visit to an edge and backtracking.)

low(d) = min {4, 2}
low(e) = min {5, 3}
low(g) = min {7, 1}

low(c)

= min {3, low(d), low(e), low(g)}
={3,2,3,1}=1.

2.
3.
1

New link Stack -
processed Deabel Low Cut-vertex (topn left) Bicomponent
start ata dfLabel@) =1 low(a) =1 a
(a, b) dfLabel(p) =2 low(b) = 2 b, a
(b, ©) dfLabel(c) = 3 low(c) =3 ¢, ba
(c,d) dfLabel(d) =4 low(d) =4 d,c, b a
(d, b) low(d) =2
=min{4, 2}
backtrackingd® c low(c) =2 (low(d) < dfLabel(c))
=min{3, 2}
(c, e dfLabel(e) =5 low(e) =5 e d, c b, a
(e, ) dfLabel(f) =6 low(f) =6 f,e d,c, b,
(f, 0 low(f)=3
= min{6, 3}
backtrackingf ® e low(e) = 3 (low(f) < dfLabel(e))
=min{5, 3}
backtrackinge® ¢ low(c) = 2 c d,c b, a {c, f, €}
=min{2, 3} (low(e) 3 dfLabel(c))
(c, 9) dfLabel(@) =7 low(g) =7 g,d,c,ba
(9. a) low(g) = 1
=min{7, 1}
(9, h) dfLabel(h) = 8 low(h) =8 h, g, d,c, b,
backtrackingh® g low(g) =1 g g,d,c,ba {9, h}
=min{1, 8} (low(h) 3 dfLabel(@))
backtrackingg® ¢ low(c) =1 (low(g) < dfLabel(c))
=min{2, 1}
backtrackingc® b low(b) =1 (low(c) < dfLabel(b))
=min{2, 1}
backtrackingo® a a {g9,d,c, b, a}
(a, i) dfLabel() =9 low(i)=9 a i,a
a
(M) dfLabel(j)=10 low(j) =10 i, i,a
backtrackingj® i low(i)=9 i i, a {i, i}
=min{9, 10}  (low(j) ® dfLabel())
backtracking® a a {a,i}
(a, k) dfLabel(k) =11  low(k) =11 k, a
backtrackingk® a a {a, k}
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EXERCISE

1. Consideml gaph with bicomponentB; to B;, connected to
each other as shvm belav via the cut-erticesc; to cg. Let
s = gart-node inB; ands?! ¢4, c; andd be a gven node in
By andd not a cut-ertes, i.e.d ! ¢4, c7, andcg. Ifwe do a
df-traversal froms to determineB;'s, then whichB;'s might
be detected before we diseo By, state the case of Igest
number ofB;'s and of the smallest number &'s. in each
case, gie dl possible order in which thosB,'s might be
detected.

Clearly describe the logic for distinguishing the cakv
ticesc; and the bicomponent; along the path of bicom-
ponents fromB,; to By during the df-traersal. Your logic
should vork for the general casd:irst, consider the case
d ! a aut-vertex and then the case = a at-vertex.
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MINIMUM EDGE-ADDITION T O MAKE
A CONNECTED GRAPH BICONNECTED

Problem: Given a mnnected grapks with n 2 3 nodes, ®nd a
set of edgef, that can be added @G to male it
biconnected andel| is mnimum.

Example: If G is a tree, consider it as a rooted tree with an
arbitrary nodex of degree) 3 2 dected as the root.

Two of the mawy solutions:
Eo ={(D, M), (M, 1), (I, K), (K, L)}
EO = {(D’ M)’ (D’ I)’ (D! K)1 (D’ L)}

Idea: Any connecteds is a "tree" of bicomponents.
Algorithm: //Compleity O(|E|)
1. Usedf-traversal of G to detect bicomponents and e = A&
2. For (each terminal bicompone@t of G), do the follaving:
(@) Choosg; I C; andx; not a cut-ertex.
(b) Add(xj.1, Xj)t0Egpif > 1.

Question: State clearly heo to determine the "terminal”
bicomponents during df-tvarsal and select; | C;
such thaix; not a cut-ertex.
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MAXIMAL EDGE-ELIMIN ATION
KEEPING BICONNECTEDNESS

Problem: Given a hconnected grapls, ®nd a maximal set of
edgeskE, in G whose remwal keepsG biconnected.

Idea: In the bicomponent algorithm, weép one edge from
or a descendant of corresponding to le(x). Let Ey be
the set of all other baekiges.

Example. Shovn belav in (i) is a graph and twEy's. They
result from diferent df-trees as stm in (ii)-(iii),
where each node shs its dfLabelk) and lowv(x);
the bold dotted lines are the back-edgeBgjn

(i) Two possibleE,:
{(b, d), (c, f), (d, 9)}
and {(b, c), (d, 9)}

(i) Eo ={(b, d), (c, ), (d, 9)}.

Question: Give an example G for which the abee idea does
not work. Then,re®ne the idea to makt work (by
removal of other back-edges, if necessary).
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Application of bicomponent decomposition to shortest-path
computation:

(@)

(b)

Considern ®urce-nodes I B; and a destination-node|
Bg In the graph shen abwe. Also assume?! c; andd?
c,. Then, eachsd-path consists of anscs-path, a
C;C4-path, and aie,d-path.

Thereforegach shortestd-path consists of shortest paths
from stoc;, c3tocy, andc, to d.

To compute a shortestd-path, we can then use Dijkssa'
algorithm to the smaller grapl, Bs, and Bg separately
This means a linear algorithm for computing the bicompo-
nents can ge s a sgni®cant reduction in the computa-
tion because of th®(N?) complexity of Dijkstra's dgo-
rithm.
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POSSIBLE ORDER OF VISITS TO BACK-EDGES
AND THE SECOND VISITS TO THEM

Assumptions:

(y1, X) and (y,, X) are two back-edges to.
deabel(y,) < ddfLable(y,).

Notations: e; = (Y1, X), € = (Y2, X), €3 = (X, Y1), € = (X, Y2).

Differ ent Cases:

adjList(x) = (a, y1, b, ¥2): €1, €3, €, &,
adjList(x) = (a, b, y1, Y»): €1, €, €3, &4
adJL|St(X) = (a, b, Yo, yl): €1, €, €4, €3

adjList(x) = (a, y1, Y2): €1, €, €3, €4
adjList(x) = (a, Y2, Y1): €1, €, €4, €3

adjList(x) = (a, Y1, ¥2): €1, €, €3, &4
adjList(x) = (a, Y1, ¥2): €, €1, €3, €4
adJ.L!St(X) = (a, Y2, Y1): €1, €, €4, €3
adJLISt(X) = (a’ Yo, yl): €2, €1, €4, €3



