BASIC STRUCTURE OF MACHINES

Finite-state Automata: No output as such.

Input =a;a,[18y |a; |ay |az| [a; | Ilay
read-head

 Control updates "internal memory" state of the machine as it
reads each input symbal only once.

 The read-head nves to right after reading a symbol.
Push-down Automata:No output as such.

Input =a;a,[18y |a; |ay |ag| [a; | Mlay
read-head

contro
ad-write head
External memory

(stack) Ci|Cy | Ic,

e Control nav also updates the "external memory".
Turing machine: Output = a string, written on input-output tape.

Input =a;a,[18y |a; |ay |ag| [a; | Mlay
read-write head

* Aninput/output-tape symbol may be read/written more than once




FSA FOR EVEN NUMBER OF ZEROS
IN BINAR Y STRINGS

string: 10 0 1 0 1 0
Zero-count: 01 2 2 3 3 4
even: YNYYNNY

(before reading symbol)

Key obsetrvations for designing the algorithm:

Initially, the zero-count isven (= zero); we only need to keep track
of odd/even gatus of the zero-count.

Reading '1’ does not change the od@fedatus of the zero-count.
Reading '0’ changes the odaém datus to the opposite.

Final desired state isven'.

Suffices to look at each symbol only once, in the left to right orde

Representing the algorithm as a state-diagram:

1 1
0 ¢

Mogva: XE] (D) Loawz={A 1,0, 11,001, 010, 100, 110}

State = odd/een datus of zero-count
Start-state indicated by ">"; final-state indicated by thick-circle
Transitions indicate the input-symbol read and the state-update.

Eachbad string (x O Ly_gy—2) ends in a non-final state starting a
the start-state; eagood string (x U Ly_gy—2) €nds in a final-state.

E-1-E6-2-0-1-D-1-D



EXERCISE

1. Shav that there are™* strings of lengtm (= 1) in Lg_gy.» by giv-
ing an 1-1 and onto mappind x) from {X 0O Lg_giv-2: [X| =n}to{y
{0, 1}*:|y|=n-1}.

2. Gwe the state-diagram for an FA,_g-3 Which accepts the binary
strings Lo_giv-3 = {x O {0, 1}*: #(0, x) is divisible by 3}. (Hint:
First, write down some of the stringslig_g;-3-)

3. Shav the state-diagram of an FSA which accepts the complem
languagel g g-3-

4. Shav the state-diagrams of all FSAwith input alphabet = {0,
1}, two dates (both must be reachable from the start-state), an

least one final-stateGive an English descriptions of the set of
strings accepted by each FSA.



BINARY STRINGS WITH EVEN #(0, x):
A COMPUTABLE PATTERN

Pattern-description: Binary strings with en number of zeros.

« This is a mathematically good description; it states a precise col
tion (a property) that a string must satisfy.

* |t does not say o to go aout in verifying the required condition
(property) for a gien gring X.

e Some possible methods:

(1) Count#(0, x), divide it by 2, and verify that the remainder i
zero. (Alsocheck that each symbol iis 0 or 1.)

(2) Find|x|, count #(1x), subtract it from| to get #(0,x), etc.

Computational-description: The finite-state automatdw_gi.».
» |t describesan algorithmto verify the required property.

— Where/hov to gart (set initial count =\en, i.e., position your
self at the start-state and at the first input symbol).

— When to stop (at the end of input string).
— What to do at each step (what to read, where to findw,tbo
update the state).
» The description is finite: the finite alphabet, the finite number
states (and the transitions), the start-state, and the final-states.
 How doesM_gy.» describe infinitely manstrings in a finite way?

— Via thedynamics of FSA: successe gplications of transitions.
Longer strings gie longer chains of transitions.



FORMAL DEFINITION OF AN FSA

M=(Q, qo, F, 2, 9), where
o Static-part:

Q = A finite, non-empty set of states
Jo = The start-stategy L1Q
F = The set of final-state(§) Q
2 = A finite, non-empty input alphabet
Adi, aj) = g, the net-state after reading the input symiaglin
stateq;; Jdis called theransition function. We osme-
times writedd;, a;) = gi as the tripletd;, a;, qy).

 Dynamic-part: For input x = a;a,[18,, apply the transitions suc-
cessvely as indicated below:

1 1
1 0 ¢
Example: Mo-giv-2
U

Q={E,D} ao=E, F={E} 2={0, 1},
Transitions = {E, 0, D), (E, 1, E), (D, O, E), (D, 1, D)}

* An input stringx = a;a,[8, is accepted by M if the state reached
after reading/processirayl of x is a final-state.

Language defined byM: L(M) ={x OZ": x accepted bM}.
L(Mo—diV—Z) - {/\, 1, (D, 11, OOlm

Question: What is the language if both statesand D were final-
states iIMMg_giy—>?



SOME OTHER FSA FOR Lggjy.»

o A variant of Mg_j-2-

— StateD'’ is aduplicate of D in the sense thalD, a) = D', a)
fora=0, 1

— D’ does not participate in acceptingyanput string since it is
not reachable from the start-state(ChangingdD’, a) for ary
of a=0, 1 dbes not alter the language accepted either.)

ég&
&

— To make D' reachable from the start-statgthout changing the
language, we can change one or more transitions goirfiy tc
(from E or D) to go b D’, making sure that this does not neak
D itself unreachable. This can be done in three ways:

Both D andD' correspond to "odd number of 0’s".

 There are countably mamlifferent FSAs forl g gy..

*  Mg.gv-2 IS the only one with themallest number of states among all
of them.



EXERCISE

1. Considerduplicating the stat& in Mg_g,.o and making sure that
the nev state E' (and all other states) is reachable from the sta
state. Carefullydetermine whether the westate E' should be a
final-state since the original staeis a final-state.(We dhould not
have wo dart-states, hwever.) Show the state-diagram of your
new FSA(S).

2. Modify the originalMg_gy.» SO thatA is not accepted but all other
strings inLg_g.» are accepted(Hint: Its start-state should be simi-
lar to the statd= in M_q.o, but it should not be a final-state.)



FSA FOR BINARY STRINGS CONTAINING "11"

Liwe1r = { 11, 011, 110, 111,
0011, 0110, 1100, 0111, 1011, 1101, 110R,

Key Steps:

Write down systematically some of the strings in the language.

Determine what is to be remembered as you process each symk
an input string in order to decide if the part processed so fa
"good" or "bad". The things remembered must notgaitrarily
large as more and more input symbols are processed.

Determine the initial and the final value(s) of the thing beir
remembered. Thénal value(s) for good strings must befelient
from those for the bad strings.

Determine hw this memory (= theontrol memory) is updated as
each input symbol is processed.

For Lias11:

The memory has three possible values: No part of "11" is seen,
first 1 in a possible "11" is seen, and the second 1 inan "11"is s
We @an represent them ag";"1", and "11".

Initial value =4; final value = 11.
The update rules for the memory are the transitionswbelo

0,1

0
) 1 )
Mias1: XA TD—+0)
U

Question: How to modify M ,.11 SO that it accepts the complemen

language. fs11?



EXERCISE

1. Let f(n) = the number of strings of length which are inLja11
and g(n) = the number of strings of length which are not in
Lias11- Then shwv thatg(n) = g(n—-1)+g(n-2) forn = 2, and
f(n) =27 -g(n).

2. Deletethe transition from state '1’ to the stat& (labeled by the
input symbol '0’) from each oM,s1; and M{. ;; above, and calll
the nev automatonsM; and M,. Then verify that the following is
false: L(M,) = L(M)".

3. Describein English the languagé&(M;). Then, modify M; to
male it completely defined, without changing its language al
shav the complement FSA for the modifidd, .



COMPLETEL Y DEFINED FSA

Complete Definition:

For eash state [1Q and each input sysmbal ] 2, give the transi-
tion 5(q, a) for the next-state.

Example. For L ={(rw)": n = 0}, the completely defined FSA is

dead/error state ) )w, r

We dten avoid writing dead/error states and transition
to/from them to simplify the state-diagram:

O_w T



PAST- AND FUTURE-BASED
STAT E DESCRIPTIONS

Past(qg):  The property of inputx = a;a,[18,, thatbrings the FSA to
the statey, i.e., when do we awe & q.
Future(q): The property of inputx = a;a,[l8, that takes the FSM

from g to a final state, i.e., what remains to dg & reach
a finite state.

1 1
SN
Mo.iveo: Logivo = {A 1, 0, 11, 001, 010, 10Q]F
9
State | Rst-based description Future-based description
E Have £en @en mary 0's | Need to seeven mary 0's
D Have £en odd man0's Need to see odd mgW@'s
1
1

Mrasa X0, ()
9

Liws11 = {11, 011, 110, 1110

State | Rst-based description Future-based description

op Have ot seen appart of "11" | Need to see "11"

ol Have anly seen "1", or the Need to see an immediate
last two symbols seen are "01f  or a future "11"

d11 Have en "11" Ary thing is fine

Question: What is wrong with Pagf() = Haveseen '1'?

Future-based state descriptions are often more useful.




EXERCISE

1. Shav an FSA for Lyjeven = {X: x O {0, 1}* represents a binary
even number}. Thengive the past and future based descriptions
its states.

2. Gwe the past and future descriptions of the states of the FSAv.bel
1 0 1
0
LaTeL
0

3. Gwe the future based state descriptions for each of the three a
natve FSA (with 3 states in each) shown earlier kbg._g,-».



A PROBLEM INVOLVING COUNTING
IS SOLVED WITHOUT COUNTING

Problem:

» Consider the languagex{ x is a binary string with equal number of
"01" and "10"}.

Examples of Good Strings of Length 4:

0000 (y) 0100 (y) 1000 (n) 1100 (n)
0001 (n) 0101 (n) 1001 (y) 1101 (y)
0010 (y) 0110(y) 1010(n) 1110 (n)
0011 (n) 0111(n) 1011(y) 1111 (y)

Equivalent Property:
 The binary stringk begins and ends with the same symbol.

An FSA:




