NON-DETERMINISTIC FSA

Two types of non-deter minism:

(1) Multiple start-states; start-states S [1 Q.
e The language L(M) = {x: x takes M from some start-state to
some final-state and all of x is processed}.

The string x = aac is accepted only by starting at state g, and X
= aab is accepted only by starting state q..

Two start-states HM)=1 g’bc’ac bc. cb
g, and q,: D]]}} o

(2) Non-uniquetransitions; &q;, a;) Is a set of states L1 Q.

* The language L(M) = {x: x takes M for some choice of suc-
cessive transitions from the start-state to some final-state and

all of x is processed}.

a b X = abb can be fully
processed in only 2

Ay, b) a b
={di, 02} Q@ ways, and one of
them accepts x.

For each NFSA M, there is an equivalent
deterministic FSA M’ such that L(M) = L(M").
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REVERSING AN FSA MAY CREATE A NFSA

M; L(M) =
b(a+ c)* + c(a+ b)* (a+c)*b+ (a+b)*c

Reversing an FSA:

* Reversedirection of each transition (may create non-determinism).
o Makethe start-state the fi nal-state.

» Make each fi nal-state a start-state (may create non-determinism).
Reverse of aLanguage L:

o L'={x":x0OL}, wherex" =aa,_{[MB,a, if X = a;a,[MB_;ay.

If L isregular, then L" isalso regular.

In M:
M

Question: If M has an error-state, then what will happento itin M'?
Can the reversal process create unreachable states?
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MULTIPLE START-STATESELIMINATION
USING A-TRANSITIONS

A-transition:

 An FSA can change state by using a A-transition and without read-
Ing an input symbol.

Elimination of Multiple Start-states:

e Addanew state s and make it the only start-state.

 Adda A-transition from s to each of the original start-state.

* No changein fi nal-states or other transitions.

a, b a, b
L

&
s

, a, C
(i) Start-states = (i) Anequivalent FSA with (iii) Another equivalent
{91, 0o}. 1 start-state and A-moves. FSA with 1 start-state.

Question:

«? Give an example FSA to show that it is not enough to add a new

state s, make it the only start-state, and for each a; add the follow-
ing trangitions at s:

&s a)) = D 5(q;, a;), union over all start-statesin M.

(We have to make the new start-state s also a fi nal-state if one or more
the original start-statesis afi nal-state.)

«? Show the resulting FSA when we apply the above construction to
the FSA shown at thetop left. Doesit change the language?
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SUBSET-CONSTRUCTION METHOD FOR
CONVERTING NFSA TO FSA

« The new FSA M' cannot simulate all alternative paths z(x) in the
original FSA M for an input string X, because the number of z(x)
can be exponentially large (in |x|) and M' hasfi nitely many states.

* Instead, M’ keeps track of the end points E(X) of the paths z(x); x
Is accepted E(X) contains one or more fi nal-states of M.

* The end-points of the paths z(x) form a subset of Q in M, and there
are only 2% many different subsets.

« If x=aa[A; and X' = xa;.;, then E(x) = [ &(q;, aj+)-
ai UE(X)

#(paths 7z (x) for processing x = abab") = n+2.
a b a b b
(DDA H23PH234

Use the subsets of Q as the states of the new FSA.
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THE SUBSET-CONSTRUCTION

Avoid construction of unreachable states:

1)
(2)

3)

Choose the set of al start-statesin M as the start-state S, of the
new FSA M'.

While there is a state S; for which the transitions have not been
determined, do the following:
For each input symbol a 0% in M,

(i) LetS= _9 '5(0, @). (Itmay happenthat S=1.)

di i

(i) If Sisnot aready astatein M’, then add it as a new state.
(ili) Addthetransition S;, a) = Sin M".

Make each state S; in M' afi na-state if it contains one or more
fi nal-states of M

An NFSA The FSA obtained by the subset-construction

Note: If we did not have the dead-state 4 in the above example, then 4

would be removed from all states in the new FSA; the state {4}
would now become (.



copyright@1995

EXERCISE

1. Complete the partial description of the state A in the fi nite-state au-
tomaton M,,..11 below for the language L1171 (= the binary strings
containing "11"), based on the descriptions of states B and C, to
justify the transitions to and from A. Note that each state-descrip-
tion isin terms of the "past”", i.e., the part of the input which is pro-
cessed to arrive at the state.

0 0,1
C ) 1 4 A = have not seen "11" and [
Mpas11: eae @ B = have not seen "11" and just seen 1
C = seen "11"

Let M{..q; be the non-deterministic automaton obtained by apply-
ing the reversal-operation to My,.511; L(M{ias.11) = Lhas11 = Lhas11-

(@) Give a suitable description in English for the states of M{ ¢ 11
that would justify its transitions. What is the connection
between these descriptions and the previous descriptions?

(b) Show the FSA obtained from M/ ,; by the subset-construc-
tion. Also describe the states of the new FSA in simple
English in terms of the descriptionsin (a).

2. Remove the redundant state 4 in the NFSA in page 6.4 and then
apply the subset-construction. How does the result differ from the
FSA shown above; do they accept the same language?

3. Apply the subset-construction for the NFSAsin page 6.1.

4. Consider adeterministic FSA for verifying multiplication of binary
numbers by 3, with the usual least signifi cant bit on the right. Also,
consider a similar FSA for verifying multiplication by 2. The input
alphabet for these machines should be {by, by, by, bs}. Now,
obtain a non-deterministic FSA for verifying multiplication by
either of 2 and 3; convert it to adeterministic form.
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PROJECTION OF A LANGUAGE AND
A-TRANSITION IN AN FSM

Projection:

o If X = X;CXoCX3IBX,, where some of X;’'s can be A, none of Xx; con-
tains ¢, and k = 1, then the projection IM.(X) = X1 X,[IIX,, which is
simply X minus all occurrences of c.

o M. (L)={M.x): x OL}.

Theorem:;:

« For any language L and the symbols a # b, My(M,(L))) =
My(Ma(L))).

« If L isaregular language, then thereis NFSM for IM.(L) containing
A-transitions.

Example.

3 d
il

ﬂd(M): o
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ELIMINATION OF A-TRANSITIONS

A-transition:
 TheFSA can change its state without reading an input symbol.

C
()

OB BORIO
aOLM): (DA220)

bb OL(M): (DA223) 4223

Elimination of A-moves in M gives possibly an NFSA M':

« M and M' have the same states, and the same fi nal-states.

« M' may have multiple start-states (due to A-transitions from start-
state of M) and non-deterministic transitions.

Define:  A(q;) ={q;: q; isreachable from ¢; by zero or more A-transi-
tions}; g; U A(qp).

Algorithm:
(1) Make each statein A(qp) a start-statein M.
(2) Foreach &q;, a;) =qx in M for a; # 4, let &q;, a;) = Agy) in M".

Example. For above M, A(1) ={1, 2}, A(2) ={2}, and A(3) ={2, 3}.

a, b, c
M’ a a,b
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THE EFFECT OF INTRODUCING ERRORS
IN A REGULAR LANGUAGE

Language L modified by one replacement error:
« RE;(L) ={x: xdiffersfrom some y [ L in one position}.
L and RE;(L) have the same alphabet.

If L isregular, then RE;(L) isaso regular.

Example. If L = LO—diV-Z — Lo_even, then REl(L) — LO—Odd'

Lowe = {4 1, 00, 11, 001, 010, 100, 111, [T
lows= { O, 01,10, 000,011, 101, 110, il

Building an M(RE;(L)) from M(L):
» The construction below appliesto any FSA.

Mo-even NFSA for RE1(Lo-giv-2)
1 1
SR RN

ONNO

M (RE1(Lo-even)): reduced M (RE;(Lg.ayen)):

1, 4
@fﬁ:@ (A merged with AB')
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EXERCISE

1.

Apply the above method to obtain an FSA for RE{(Ljas11). Show
all details of coversion of NFSA to FSA and the details of state-
minimization.

How will you generalize the above construction for exactly k (= 2)
replacement errors? lllustrate the construction using k = 2 and
Mo.giv-2- (The generalization to =1 errorsis also easy.)

Show that RE.(L) = {uv'w: v' L', |v|=|V|, and uvw O L} is
regular if both L and L' are regular. Note that v may equa V'.
(Hint: an NFSA for RE /(L) will have three phases: for the part u
(before the error), V', and w (after the error).)

Let DE;(L) = {xy: xay O L for some x, a, and y} = the set of
strings obtained by deletion of a symbol from strings in L. One
can show that DE;(L) is regular by giving a method for the con-
struction of a NFSA for DE;(L) from an FSA for L where the
deletion operation is modeled by A-transitions. Illustrate your
method by using M,,s.11 as an example; show the NFSA after the
introduction of A-transitions (keep the states "before deletion” dis-
tinct from those "after deletion" similar to that for the case of
RE,(L)).

A similar result holds for the insertion error. State the result
clearly.



