HOMOMORPHISM:
A SPECIAL FORM OF ENCODING

Homomor phism:

» A particular kind of mapping from languages to languages, which is
based on a mapping of individual symbols.

« For a given mapping h: ¥; — X5and a language L, O =7,

« weextend h: ' - 33 as follows:
— For x = a;a,[MBy, 0% h(x) = h(a;)h(a,)h(ay); ha) = A.
— Then, h(L,) ={h(x): x OO L;}; h(x) is encoding of x.

Example. For 2,00= {0, 1}, h(0) = a, h(1) = ab, and L; = Ljas11 =
{11, 011, 110, 111, 0011, (I}.

h(L,) = {abab, aabab, ababa, ababab, aaabab, [II}.
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TRANSFORMING AN FSA BY A
HOMOM ORRPHISM

« The label a; on each transition is replaced by h(a,).
« If h(g) = 4, then it gives a A-transition.
« h(M) maybe non-deterministic, when the transi-

tion-diagram is converted to an FSA by addition of
new states.

If L is regular, then h(L,) is regular for any h.

EXERCISE

1. Let Lygify-bin-muit-by-3 U (bg + by + by + bs)” be the language where
the bottom bit-string for an input x represents the multiplication by
3 of the top bit-string corresponding to x. First, obtain an FSA
(with three states) for the reverse language of Leity-bin-muit-by-3, and
then obtain an FSA for L gity-pin-muit-by-3 Itself. Finally, find an
homomorphism h such that h(Lyeiy-pin-muit-by-3) = L(Msp); here,
both languages contains A. Apply the construction of h(M) to
M verify-bin-mult-by-3-

2. Is there a homomorphism h such that h(Lg.een) = (0 + 1)-?
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INVERSE HOMOMORPHISM AND h™*(M)

o+ Forz O35 h}(2) = {x: h(X) = Z}; h™(2) maybe O.
+ ForL, 035 h}{(L,)={x:h(x) OL,}= DDL h™(2).

Part of 2,* that
has no strings
of the form h(x)

Part of L, that
has no strings
of the form h(x)

Example. For 2; = {a, b, c, d}, 2, = {0, 1}, and h(a) = 0 = h(b),
h(c) =00, and h(d) = 11:

h™(1) = {1} h™(00) = {aa, ab, ba, bb, c}
h?©0) ={a,b}  h?*(01) =0 =h1(10)
h™(1) =0 h™(11) = {d}

h™(000) = {aaa, bbb, ac, bc, ca, cb}
W (Lpe1y) = {d, ad, bd, cd, da, db, aad, abd, bad, 3.

01 a, C y ahbecd a, c & bC, d
Ahwe g h,, & 0 -
Mhpas-11 W™ (Mhas11)

+ The NFSA h™}(M) has the same start and final states as M.
* It has atransition 6(q;, a;) = qi If h(a;) takes g; in M to qj.

If L, is regular, then h™(L,) is regular for any h.
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EXERCISE

1.

2.

What is the relationship between L, and h[h™*(L,)], and that
between L; and h™*[h(L,)]?

Letr =(10+0)* 11(0+ 1) * be aregular expression for the regular
language L and let h(0) = ab and h(1) = ba a homomorphism.
What is a regular expression for h(L)? How about h™*(L") if L' is
given by the regular expressionr’ = (ab + a) * bb(a + b) *?



